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Abstract. In this paper we generalize the plus-construction given by M. Livernet for algebras
over rational differential graded operads to the framework of cofibrant operads over an
arbitrary ring (the category of algebras over such operads admits a closed model category
structure). We follow the modern approach of J. Berrick and C. Casacuberta defining topo-
logical plus-construction as a nullification with respect to a universal acyclic space. We con-
struct a universal HZ-acyclic algebra U and we define 4— A" as the U-nullification of the
algebra 4. This map induces an isomorphism in Quillen homology and quotients out the
maximal perfect ideal of 7y(A4). As an application, we consider for any associative algebra R
the plus-constructions of g/(R) in the categories of homotopy Lie and homotopy Leibniz
algebras. This gives rise to two new homology theories for associative algebras, namely
homotopy cyclic and homotopy Hochschild homologies. Over the rationals these theories
coincide with the classical cyclic and Hochschild homologies.

Key words: cyclic homology, Hochschild homology, homotopical localization, operads, plus
construction

1. Introduction

Quillen’s plus construction for spaces was designed so as to yield a definition
of higher algebraic K-theory groups of rings. Indeed, for any i>1,
K;R = m;BGL(R)", where GL(R) is the infinite general linear group on the
ring R. The study of the additive analogue, namely the Lie or Leibniz algebra
gl(R) has already produced a number of papers showing the strong link with
cyclic and Hochschild homology (for classical background on these theories
we refer to [22] and to the survey [23]). However there have always been
restrictions, such as working over the rationals.
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For example M. Livernet has given a plus-construction for algebras over
an operad in the rational context [19] by way of cellular techniques imitating
the original topological construction given by D. Quillen in [27] (see also [26]
for a plus-construction in the context of simplicial algebras). Specializing to
the category of Lie, respectively Leibniz algebras, she proved then that the
homotopy groups of g/(R)" are isomorphic to the cyclic, respectively
Hochschild homology groups of R (this makes use of deep results of Kassel—
Loday in [17] and Cuvier in [7]).

In the category of topological spaces plus-construction can be viewed as a
localization functor, which has the main advantage to be functorial. This idea
goes back to A.K. Bousfield and E. Dror Farjoun, but the work of J. Berrick
and C. Casacuberta in [4] provides a very concrete model, i.e. a “small”
universal acyclic space BF such that the nullification PgrX is the plus-con-
struction X.

Recently, thanks to the work of P. Hirschhorn [15] it appears possible to
do homotopical localization in a very general framework. In fact, one can
construct localizations in any closed model category satisfying some mild
extra conditions (left proper and cofibrantly generated), such as categories of
algebras over cofibrant operads. The category of Lie algebras over an arbi-
trary ring is not good enough for example. One needs to take first a cofibrant
replacement L., of the Lie operad and perform localization in the category
of L.-algebras, which we call homotopy Lie algebras.

This allows to define a functorial plus-construction in the category of
algebras over a cofibrant operad as a certain nullification functor with respect
to an algebraic analogue U/ of Berrick and Casacuberta’s acyclic space. This
extends the results of M. Livernet to the non-rational case. In the following
theorem Pm(A) denotes the maximal myO-perfect ideal of myA.

THEOREM 1.1. Let O be a rational or confibrant operad. Then the homo-
topical nullification with respect to U is a functorial plus-construction in the
category of algebras over O. It enjoys the following properties:

(i) PyA ~ Coflev: H[u,A]u — A)
(ii) ﬂo(PuA) = 7T()(A)/’PTFO(A)
(iii) H2A ~ H2 Py A

Of particular interest is the plus-construction in the category of
homotopy Lie algebras. If we apply these constructions to the algebra g/(R)
of matrices of an associative algebra, and if we consider it as a homotopy
Lie algebra, we obtain what we call the homotopy cyclic homology theory.
Thus HC®(R) is defined as mg/(R)" for any i > 0. This theory corresponds
to the classical cyclic homology over the rationals. We summarize in a
proposition the computations of the lower homology groups (see
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Proposition 5.1, 5.2, 5.3). They share a striking resemblance with the low
dimensional algebraic K-groups (sz(R) stands for the Steinberg Lie algebra,
see Section 6).

PROPOSITION 1.1. Let k be a field and R be an associative k-algebra. Then

(1) HCP(R) is isomorphic to R/[R, R].

(2) HC°(R) is isomorphic to Z(st(R)) = HIQ(SZ(R)).
(3) HC3°(R) is isomorphic to HzQ(st(R)).

(4) HC(R) is isomorphic to HZ (st(R)).

The same kind of results hold for homotopy Hochschild homology,
which is defined similarly using Leibniz algebras. As these new theories
coincide over the rationals with the classical Hochschild and cyclic
homology, the above proposition extends Livernet’s computations, see
Corollary 5.4.

The plan of the paper is as follows. First we introduce the notion of
algebra over an operad and recall when and how one can do homotopy
theory with these objects. We also explain what homotopical nullification
functors are for algebras. The main theorem about the plus-construction
appears then in Section 2 and Section 3 contains the properties of the plus-
construction with respect to fibrations and extensions. The final section is
devoted to the computations of the low dimensional additive K-theory
groups.

2. Operads and algebras over an operad

We fix R a commutative and unitary ring. We work in the category R-dgm of
differential NV-graded R-modules and especially with chains (the differential
decreases the degree by 1). For a classical background about operads and
algebras over an operad we refer to [11, 12, 18, 21].

Y,-modules. A ¥.-module is a sequence M = {M(n)},-, of objects M(n) in
the category R-dgm together with an action of the symmetric group X,. The
category of Y,-modules is a monoidal category. We denote by M o N the
product of two ¥,-modules and by 1 the unit of this product. The unit is
defined by 1(1) = R and 1(i) = 0 for i # 1. We denote by >,-mod the cate-
gory of X,-modules.

Operads. An operad O is a monad in the category of ¥,-modules. Hence we
have a product v : O o O—O which is associative and unital. Equivalently
the product v defines a family of composition products
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which must satisfy equivariance, associativity and unitality relations (also
called May’s axioms). Moreover we suppose that O(1) = R and the chain
complex O(0) is always understood to be zero, which means that our operads
are reduced in the terminology from [3]. We write 7O for the kth homology
group of the underlying chain complexes of O. In particular myO is an operad
in the category of R-modules.

Let us denote by Oper the category of operads. There is a free operad
functor:

F: Y, —mod—Oper

which is left adjoint to the forgetful functor. It can be defined using the
formalism of trees.

Algebras over an operad. Let us fix an operad O. An algebra over O (also
called (-algebra) is an object 4 of R-dgm together with a collection of
morphisms

0: (’)(n) QR[] A% — 4

called evaluation products, which are equivariant, associative and unital. For
an element o € O(n) we will often use the shorter notation o(aj,...,a,) for
the evaluation product #(o ® a; ® - - - ® a,). Moreover we denote by m,(A4)
the nth homology group of the chain complex (4, d4) and remark that 7, (A4)
is a m,(O)-algebra and that my(A) is a mo(O)-algebra in the category of graded
R-modules and R-modules respectively.

There is a free O-algebra functor to the category O-alg of (0-algebras:

S(0,—) : R-dgm— O-alg

which is left adjoint to the forgetful functor. For any M € R-dgm it is given
by S(O, M) = @nZO (’)(n) ®R[En] Me",

Modules over operad algebras. Let A be an O-algebra. An A-module M is a
differential module equipped with evaluation products

T:0n) QA" P QM@ A —M

which are associative, unital and equivariant with respect to the action of
¥,_1 (acting on O(n) fixing the last variable and on A" 7 @ M ® A®’~! by
permuting the elements of 4" and A4%’~!). Here as well we use the nota-
tion o(ay,...,m,...,a,) for 7(0®Ra;® ---®mM®---Qa,). Equivalently
A-modules are modules over the universal enveloping algebra U(O, 4).
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Classical operads.

(a) To any object M in R-dgm one associates the endomorphism operad given
by:
End(M)(n) = Homg-ggm(M®", M).
Any O-algebra structure on M is given by a morphism of operads
O—End(M).

(b) The operad Com, defined by Com(n) = R. The Com-algebras are the dif-
ferential graded commutative algebras.

(c) The operad As defined by As(n) = R[%,]. The As-algebras are precisely
the differential graded associative algebras.

(d) The operad Lie. A Lie-algebra L is an object of R-dgm together with a
bracket which is anticommutative and satisfies the Jacobi relation. If
2 € Risinvertible then a Lie-algebra is a classical Lie algebra. Otherwise,
the category of classical Lie algebras appears as full subcategory of the
category of Lie-algebras.

(e) The operad Leib which is the operad of Leibniz algebras. A Leibniz
algebra L is equipped with a bracket [—, —] of degree zero that satisfies
the Leibniz identity

[, v, 2]l =[x, 0], 2] = [[x, 2, 5]
for any x,y,z € L. If [x, x] = 0 for any x € L, this identity is equivalent to
the Jacobi identity hence Lie algebras are examples of Leibniz algebra.
We have an epimorphism of operads

Leib— Lie.

Homotopy of operads. V. Hinich in [14] and C. Berger & I. Moerdijk in [3]
proved that the category of operads is a closed model category. This structure
is obtained via the free operad functor from the one on the category R-dgm,
where the weak equivalences are the quasi-isomorphisms and the fibrations
are epimorphisms in positive degrees. Thus a morphism O — (' is a weak
equivalence if for each n > 0 the map O(n) — O'(n) is a quasi-isomorphism
of chain complexes. The cofibrant operads are the retracts of the quasi-free
operads.

Homotopy of algebras over an admissible operad. For any d > 0, let W be the
following object of R-dgm:

..0—R=R—0—---—=0

concentrated in differential degrees d and d + 1. Using the terminology of [3],
we say that O is admissible if the canonical morphism of (J-algebras:

A—A[ s, wy)
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is a quasi-isomorphism for any (J-algebra 4 and for all d. For any admissible
operad O there exists a closed model structure on the category of O-algebras
see [14] and [3], which is transferred from R-dgm along the free-forgetful
adjunction given by S(O, —). As for operads the weak equivalences are the
quasi-isomorphisms, the fibrations are the epimorphisms in positive degrees,
and the cofibrant O-algebras are the retracts of the quasi-free O-algebras.

The category of (-algebras is cofibrantly generated and cellular in the
sense of P. Hirschhorn [15]. The set of generating cofibrations is

I={i,: O(xy)—O(xn, Yns1)}

where O(x,) is the free O-algebra on a generator of degree n and O(x,, y,+1)
is the free O-algebra over the differential graded module R < x,, y,,,1 > with
two copies of R, one in degree n the other in degree n + 1, the differential of
vyn+1 being x,. The set of generating acyclic cofibrations is

J=4ju: 0—O(xp, yus1) }-
Notice that the free algebra O(x,) plays the role of the sphere S”.

Over the rational numbers all operads are admissible. This is not the case
over an arbitrary ring, for example the operads Com and Lie over the integers
are not admissible. However cofibrant operads and the operad As are always
admissible. In what follows we will consider only two types of admissible
operads:

— Rational operads,
— Cofibrant operads.

The closed model category of algebras over such operads is left proper as we
prove in [6].

Homology of algebras. Let O be an admissible operad, and let 4 be an
O-algebra. An element a € 4 is called decomposable if it lies in the ideal 42,
the image of the evaluation products

0(n) : O(n) g, A®"—A

for any n > 1. We denote by QA4 = A/A2 the space of indecomposables of
the algebra 4. The Quillen homology of A, denoted by HZ(A), is the
homology of OS(O, V) where S(O, V) is a cofibrant replacement of 4. This
does not depend on the choice of the cofibrant replacement and we always
have HS(A) = Qmo(A).

Moreover, any cofibration sequence 4A— B—C of (-algebras yields a
long exact sequence in Quillen homology.

As the operads Lie and Leib are Koszul operads, over Q one can compute
their Quillen homology by way of a nice complex (we refer to Ginzburg and
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Kapranov [12] and also to Fresse [9] for a more homotopical viewpoint on

Koszul Duality).

Lie-algebras. Let L be a Lie-algebra over Q. The homology of L, denoted

here by HL*(L), is computed using the Chevalley-Eilenberg complex

CE.(L). Now we can consider L as a L-algebra and compute HZ(L).

Koszul duality for rational Lie algebras gives the following isomorphism:
HP(L) = H (L)

Leib-algebras. The same kind of results holds for Leib-algebras. Consider a

Leibniz algebra L. The homology of L, denoted by H*"(L), is computed

using the complex described in the foundational paper [24] (see also [20]).

One has again a similar isomorphism:

HO(L) = H"(L).

* x4+1

Quillen cohomology of discrete algebras. We refer the reader to [10] for more
details about these constructions. A discrete algebra is an (O-algebra con-
centrated in differential degree 0. The structure of (J-algebra reduces then in
fact to a structure of m(0)-algebra.

In the case of discrete algebras there is also a notion of Quillen coho-
mology with coefficents. Fix a discrete O-algebra 4 and a discrete A-module
M. A derivation D: A — M in Der(A, M) is a linear map (which does not
necessarily commute with the differential) such that for any o € O(n) we
have: .

D(o(ar,...,an)) = > olar,...,D(a),...,a).
i~
We can define Quillen cohomology by computing the derived functors of
Der(A, M), that is by taking A" a cofibrant replacement of A4 in the category
of O-algebras and computing the homology of the complex Der(A4', M).

The derived functor defined above has also a homotopical interpretation.
The functor Q of indecomposable has a right adjoint (—), defined as follows:
If M is an object of R-dgm then (M), is the trivial O-algebra with M as
underlying module. This adjoint pair of functors forms a Quillen pair. Now
let us take a discrete 4-module M and denote by M([n] the nth suspension of
M in the category R-dgm and define K(M,n) = M(n|,. Then

Hré(A’ M) = [Aa K(Ma n)](’)—alg = [QA’ M[”]]R—dgm‘
Moreover H}Q(A,M) classifies square zero extensions of 4 by M. A square
zero extension is an exact sequence of 4-modules
0—-M->BL 40,
such that p is a morphism of (J-algebras and
i(o(ay,...,m,...,a,)) =o(d,,...,i(m),...,d)

for any a; € A, m € M and &, in p~ ().
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A square zero extension 0 — M —I>_B LR A — 0 is universal if for any
other square zero extension 0 — M’ — B’ P, 4 — 0 there exists a unique
morphism of O-algebras ¢ : B — B’ such that p'¢ = p.

The set of isomorphism classes of square zero extensions is denoted by
Ex(A,M). By a classical result of Quillen [28] we have the following iso-
morphism:

Hp,(A,M) = Ex(4,M).

We also recall that for discrete Lie-algebras (resp. for discrete Leib-algebras,
a result due to Gnedbaye [13, Theorem 3.3]) a square zero extension

OHM—i>Uﬁ>L—>0

is universal if and only if U is perfect and any square zero extension of U
splits in the category of Lie-algebras (resp. Leib-algebras). Hence for any
U-module M we have Ex(U, M) = 0. By representability of the Quillen
homology we get that for any M, the set of homotopy classes [QU, K(M, 1)] is
trivial, thus over a field k£ we have Hg(U) = HlQ(U) =0 (take M = k).

Hurewicz Theorem. In her thesis [19, Theorem 2.13] M. Livernet proved a
Hurewicz type theorem for algebras over an operad in the rational case. A
result of Getzler and Jones about the construction of a cofibrant replacement
for (0-algebras, which uses the Bar-Cobar construction, extends easily the
proof of Livernet to admissible operads.

THEOREM 2.1. (Livernet). Let A be an O-algebra. Then there is a Hurewicz
morphism:

Hu : 7. (A4)—H2(A4)
induced by the projection on indecomposable elements. It satisfies the following
properties:

(i) If m(A) = 0 for 0 < k < n then Hu is an isomorphism for k <2n+ 1 and
an epimorphism for k = 2n + 2.

(ii) If mo(A) = 0 and H,?(A) =0 for 0 < k < n then Hu is an isomorphism for
k <2n+ 1 and an epimorphism for k = 2n + 2.

Proof. In the case of 0-connected chain complexes we have a Quillen
adjunction between (J-algebras and BO-coalgebras, [11] and [2]. These two
functors provide for any algebra A4 a cofibrant replacement of the form
S(0,C(BO, A)) where C(BO, A) is the coalgebra over the cooperad BO
obtained by applying the operadic bar construction. Now Livernet’s
arguments apply to C(BO, 4).
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Perfect algebras over an operad. Consider an algebra 4 over an operad in the
category of R-modules. The algebra A is called O-perfect if any element in A
is decomposable i.e. 4 =42 or Q4 =0. We define P4, the maximal
O-perfect ideal of A, by transfinite induction.

Let Ay be the ideal 42. We define the ideals A4, inductively by setting
Ay = (Aq—1)2 if « is a successor ordinal and A, = Np<nA4p if o is a limit
ordinal. Then we set PA = lim,A4,.

This inverse system actually stabilizes for some ordinal 3, hence 432 = Ap
and PA = Ag. Of course, if Q4 = 0 then we have P4 = 4. We also notice
that for any O-algebra 4 we have P(4/PA) = 0.

Consider an epimorphism f: O—(O' of operads and let 4 be an
(0-algebra. Then if 4 is O'-perfect it is also O-perfect. Thus we have an
inclusion P4 C P’'A of the O-perfect ideal into the ('-perfect ideal of A.

3. A Functorial Additive Plus-construction

The theory of homological and homotopical localization of topological spaces
developed by P. Bousfield and E. Dror Farjoun (see e.g. [5, 8]) has an ana-
logue in the category of algebras over a cofibrant operad O. This takes place in
the more general framework established by P. Hirschhorn in [15]. Our cate-
gory (O-alg of algebras over a cofibrant operad O is indeed cellular and left
proper. We recall first how to build mapping spaces in a model category which
is not supposed to be simplicial, and what is meant by homotopical nullifi-
cation with respect to an object in this context. We apply then this theory to
construct a plus-construction for algebras over a cofibrant operad.

Mapping spaces. One way to construct mapping spaces up to homotopy in a
model category is to find a cosimplicial resolution X* of the source X (as in
[15, Definition 18.1.1], see also [16, Chapter 5]). When X is cofibrant and Y
fibrant, define the mapping space map(X,Y) to be the simplicial set
morp-alg(X*, Y).

In a pointed model category there is always at least one morphism X — Y,
namely the trivial one, which serves as base point for the mapping space. The
homotopy groups of a pointed mapping space can then be computed, see [16,
Lemma 6.1.2].

PROPOSITION 3.1. Let X be a cofibrant and Y a fibrant O-algebra. Then
mamap(X,Y) = [¥"X, Y]. O

X-nullification. Let O be an admissible operad and fix an O-algebra X. One
says that an algebra Z is X-local or X-null if the space map(X, Z) is weakly
homotopy equivalent to a point. By Proposition 3.1 this is equivalent to
requiring that [XXX, Z] be trivial for all kK > 0. A morphism of O-algebras
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h:A— Bis called an X-equivalence if it induces a weak homotopy equiva-
lence map(h,Z) : map(B,Z) — map(A, Z) for every X-local algebra Z. The-
orem 4.1.1 from [15] ensures then the existence of an X-nullification functor,
i.e. a continuous functor Py : O-alg — O-alg together with a natural
transformation 7 :Id — Py from the identity functor to Py, such that
N4 : A — PyA is an X-equivalence and PyA4 is X-local for any O-algebra A.

EXAMPLE: An interesting example is when X is the free O-algebra O(x)
with one generator x in dimension z. This plays the role of the n-dimensional
sphere, hence O(x)-nullification gives rise to a functorial n-Postnikov section
in this category.

Plus-construction. A Quillen plus-construction of an algebra 4 over an operad
O is a Quillen homology equivalence 7: A — A" which quotients out the
perfect radical on m, that is

7T0(A+) =~ 7T0(A)/7)7T0(A)

This definition parallels the classical one introduced by D. Quillen for spaces
in [27]. Recall that by definition of the radical we have P(mo(4)/Pmo(A4)) =0
so the image of the plus-construction consists of algebras B with Pmy(B) = 0.
Therefore if the plus-construction can be constructed as a nullification the
local objects will be those algebras B with Pmy(B) =0 (compare with
Proposition 3.3) and hence the following universal property will hold: for any
morphism g : A — B to an O-algebra B with Pmy(B) = 0, there exists up to
homotopy a unique map g : AT — B such that gn = g. In particular this will
imply that the plus-construction is unique up to quasi-isomorphism.

We now construct an HZ-acyclic algebra I/ such that the associated nul-
lification 4 — P A is the plus-construction.

O-trees. A rooted tree T is a directed graph in which any vertex v has one
ingoing arrow a,, except one distinguished vertex, the root, that has no
ingoing arrow. We require moreover that the following additional conditions
are satisfied: Each vertex v has a finite number of outgoing arrows, denoted
by val(v); the set suc(v) of successor vertices of v, i.e. those which are con-
nected to v by an ingoing arrow is finite and totally ordered; and finally, the
vertices v of odd level have at least 2 successors. The root has level 0, and
inductively we say that a vertex v has level k if v € suc(u) for some u of level
k—1.

Let O be any operad. An O-tree is a pair (7, ¢) where T is a rooted tree
and ¢ is a function which associates to each vertex v of odd level a mul-
tilinear operation o, € O(n), where n is equal to the number val(v) of
outgoing arrows. It is best to think about the even level vertices as elements
which are composed together following a recipe given by the operations
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corresponding to the odd level vertices. In general there are uncountably
many O-trees, even in the case of the operad Lie, as explained in [4]. Maybe
the following Lie-tree explaining how an element (corresponding to the
root) decomposes as a certain infinite sequence of brackets is the simplest
example: The rooted tree has 2" vertices of even level 2n, each of which has
precisely one successor, the odd level vertices have each two successors; the
function ¢ associates to each odd level vertex the operation [—,—]. It
corresponds to the decomposition of an element as a commutator [a;, az],
where a;, a, are themselves commutators [a3, a4, [as, as] respectively, and so
on.

A universal H2-acyclic algebra. We first define a direct system {U,, ¢, } of free
O-algebras associated to a given O-tree (T, ¢), by induction on r: Let U, be
the free O-algebra on one generator x in dimension 0 (corresponding to the

root). Let n = val(root) and suc(root) = {vi,...,v,}. Foreachj=1,...,n,let
ki = val(v;) and oy, = ¢(v;) be the multilinear operation in O(k;), associated
to the vertex v;. Choose k; free generators xy;1, X1, ..., X1, in dimension 0

corresponding to the vertices in suc(v;) of level 2. The first index indicates
half of the level, the second is the index of the vertex of odd degree. Let then
U; be the free (O-algebra on those k| + ...+ k, generators and define
¢1 : Uy — U; on the generator x by

o1(x) = Z 0, (X115 X172, - + - 5 X1ji; ) -
J=1

Inductively, we define then U, as the free O-algebra on as many generators as
there are vertices of level 2r, and ¢, : U,_; — U, is given on each generator of
U,_; by a similar formula as the above one for ¢;(x). Define U(r,y) as the
homotopy colimit of the direct system {U,, ¢, } associated to the O-tree (T, ¢).

LEMMA 3.2. Let O be a rational or cofibrant operad. Then for any O-tree
(T, ¢), the O-algebra Uz is H2-acyclic, i.e. H2(Ur,45) = 0.

Proof. To compute the homotopy colimit of the direct system described
above, one has to replace each map ¢, : U,_; — U, by a cofibration. Thus
U1, 1s free on generators x; of degree 0 and y; of degree 1 where 7'is a multi-
index of the form rjs, r indicating half of the level where these generators are
created, 1 < s < k;, and the differential is given by d(y;) = x; — ¢,(x;). In the
space QU r,4) of indecomposables the differential identifies y; with x;, so that
the Quillen homology is trivial. O

Notice that a morphism from U 7,4 to some O-algebra A4 is the choice of
an element in degree zero (the image of the root) together with one way to
write it as a succession of operations in the operad modulo some boundaries,
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the succession of operations being imposed by the chosen O-tree. The algebra
U is now defined as a coproduct taken over all O-trees (7, ¢):

u= 11 ums
(T.9)
As mentioned before this is in general an uncountable coproduct of algebras,
which are all concentrated in degree 0 and 1. Given an O-algebra X, we
choose one representative for any homotopy class of maps &/ — X and call
the coproduct of all them [], ;U — X the evaluation map. As in the case of
the plus-construction for spaces, the homotopy cofiber of the evaluation map
will be equivalent to X', as we show in the theorem below. Let us first
compute what happens at the level of n.

PROPOSITION 3.3. Let O be a rational or cofibrant operad and X be an
O-algebra. Then PryX is the image of the evaluation map ev : H[u,x] U— Xon
mo. In particular X is U-null if and only if PmoX = 0.

Proof. An element in myX is in the image of the evaluation map if and only if
there is some representative x € X, which lies in the image of a morphism
from U 7 4) for some O-tree (T, ¢). This means precisely that [x] € PmoX. The
second assertion is clear by Proposition 3.1 since the suspension of an
HZ-acyclic object such as U (see Lemma 3.2) is 0-connected and HZ-acyclic
(Quillen homology commutes with suspension), therefore trivial by the
Hurewicz Theorem 2.1. O

Notice in the proof above that the morphism hitting x need not be unique.
We do not claim that [/, X] is isomorphic to the perfect moO-ideal of myX.

The cone of U. In order to do some computations with this HZ-acyclic
algebra, we need to describe how to construct the cone of it. Let us simply
describe the cone on U7, for a fixed tree 7. For each generator x; in degree
0 we add a generator X; in degree 1, and for each generator y; in degree 1 we
add a generator jp; in degree 2. The differential is as follows:
dy1 = X7 — ¢,~(X1), as in Z/[(T@), dXI = X7, SO W€ kill 0, and d)71 =)yI— X7 — Uy
where u; is a decomposable element of degree 1 such that du; = ¢,(x;). Such
an element exists indeed since ¢(x;) is a sum of decomposable elements in
degree 0 of type o(xy,,...,x,,), which are hit for example by the differential
of o(Xy,,Xs, ...y Xy,).

THEOREM 3.4. Let O be a rational or cofibrant operad. Then the homo-
topical nullification with respect to U is a functorial plus-construction in the
category of algebras over O. It enjoys the following properties:
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(i) PuAd = Coflev: [y 4U—A)
(ii) 7T()<PMA) = Wo(A)/PWo(A)
(iii) HZ(A) = H?(PyA)

Proof. Consider the cofibration sequence

H U- 4—nB
U, 4]

Clearly A — Bis a Py-equivalence. So it remains to show that B is /-local, or
equivalently by the preceding proposition that Pmy(B) =0. Let us thus
compute myB. Consider actually the more elementary cofiber C, of a single
map «:Urg4) — A. Such a map corresponds to an element a € PmoA
together with a decomposition following the pattern indicated by the tree
(T, ¢). Let us replace A by a free algebra O(V) and construct now C, as the
push-out of O(V) « U(7,4y—C(Ur,4)). The models of these algebras we
exhibited earlier show that C, = O(V) [[ O(xy, y;) with dX; = a; = a(x) and
dv; =b;— X — a(uy). Clearly mC, =2mA/ <a>. Likewise mB =
moA/ Pmo(A) (which incidentally proves (ii)).

Hence Pmy(B) = 0, which shows that B ~ P;;A4 and the third property is
now a direct consequence of the first one and the long exact sequence in
Quillen homology for the above cofibration. O

From now on we will denote the /-nullification of an O-algebra A4 simply
by AT.

Naturality. We conclude this section with a discussion of the naturality of
the plus-construction with respect to the operad. We denote by U’ the
universal HZ-acyclic (0'-algebra as constructed above and 4" = P, A4 the
associated plus-construction.

PROPOSITION 3.5. Let f: O— ' be a map of operads, then there is a map
of O-algebras [ U—U'.

Proof. The map f induces a map between the directed systems {U,, ¢, } and
{U. f(¢)}. Where {U,,¢,} is the directed system associated to a O-tree
(T, ¢) and {U,f(¢,)} is the directed system associated to the O'-tree (T, f(¢))
where each vertex is of the form f(0). There is a natural transformation
between the directed systems of (J-algebras, thus also a map between their
homotopy colimits.

PROPOSITION 3.6. Let f: O—O' be a quasi-isomorphism of operads, and
suppose that either we work over Q, or the operads O and O are cofibrant.
Then f:U — U is a quasi-isomorphism of O-algebras.
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Proof. The result follows from the fact that free algebras over the operads
O and O and over the same generators are quasi-isomorphic as (O-algebras.

O

As a consequence, when replacing an operad by a cofibrant one to do
homotopy, the choice of this cofibrant operad does not matter.

COROLLARY 3.7. Let A be an O'-algebra, and let £ : O—O' be a morphism
of operads. Under the same assumptions as in the preceding proposition, the
map AT — A" is a quasi-isomorphism of O-algebras.

4. Fibrations and the Plus-construction

Let O be an operad which is either cofibrant or taken over the rationals. This
section is devoted to the analysis of the behavior of the plus-construction
with fibrations. In particular we will be interested in the homotopy fiber A X
of the map X — X*. As one should expect it, 4X is the universal H2-acyclic
algebra over X in the sense that any map 4 — X from an H%-acyclic algebra
A factors through 4X. The most efficient tool to deal with such questions is
the technique of fiberwise localization in our model category of O-algebras.
To our knowledge, such a tool had not been developed up to now in any
other context than spaces, and we refer therefore to the separate paper [6] for
the following claim:

THEOREM 4.1. Let O be a rational or cofibrant operad. Let p : E-B be a
fibration of O-algebras inducing a surjection on my and call F the fiber of p.
There exists then a commutative diagram

F —-— F — B
! ! l
Ft - FEt - B

where both lines are fibrations and the map E — E is a Py-equivalence.

The main ingredient in the proof of this theorem is the fact that the
category of (D-algebras satisfies (a weak version of) the cube axiom. From the
above theorem we infer that the plus-construction sometimes preserves
fibrations.

THEOREM 4.2. Let O be a rational or cofibrant operad. Let F— E— B be a
fibration of O-algebras inducing a surjection on . If the basis B is local with
respect to the U-nullification then we have a fibration
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Fr—FE"—B.

Proof. By Theorem 4.1 this is a direct consequence of the fact that the
total space sits in a fibration where both the fiber and the base space are U-
local and hence is also U-local. O

The fiber of the plus-construction. Another consequence of the fiberwise plus-
construction is that the homotopy fiber A4X is HZ-acyclic.

PROPOSITION 4.3. Let O be a rational or cofibrant operad. The fiber AX of
the plus-construction X— X+ is H2-acyclic for any O-algebra X.

Proof. Consider the fibration AX — X — X'. The plus-construction pre-
serves this fibration by the above theorem, since mo X" = myX/PmX. Hence
(AX)" is contractible, as it is the fiber of the identity on X*. This means that
H2(AX) =0 and we are done. O

Cellularization. We can go a little further in the analysis of the fiber 4AX. Our
next result says precisely that the map 4X — X is a CWy-equivalence, where
CWy, is Farjoun’s cellularization functor ([8, Chapter 2]). We do not know
whether 4X is actually the U-cellularization of X, but we know it is H2-
acyclic by Proposition 4.3.

PROPOSITION 4.4. Let O be a rational or cofibrant operad. We have
map(U, AX) ~ map(U, X) for any O-algebra X.

Proof. Apply map(U,—) to the fibration 4X — X — X so as to get a
fibration of simplicial sets

map(U, AX) — map(U, X) — mapU, X")

By construction X is U-local, so that the base space map(U,X") is con-
tractible. Therefore map(U, AX) ~ map(U, X). 0

On the level of components, this implies we have an isomorphism
[U, AX] = [U, X], which means that any element in the O-perfect ideal PmyX
together with a given decomposition can be lifted in a unique way to such an
element in myAX.

PROPOSITION 4.5. Let O be a rational or cofibrant operad. The fibration
AX — X — X' is also a cofibration (up to homotopy).
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Proof. By definition X" is the homotopy cofiber of the evaluation map
[IU — X. By the above proposition this map admits a lift to AX. By con-
sidering the composite [ [/ — AX — X, we get a cofibration

Cof(]_[u . AX) = cOf(Hu = X) — CoflAX — X)

The first homotopy cofiber is (4X)", which is contractible, and the second is
X". The third is thus X" as well. O

Preservation of square zero extensions. Let us finally study the effect of the
plus-construction on a square zero extension M — B — A, as introduced at
the end of Section 1. In the case of Lie or Leibniz algebras this notion
coincides of course with the classical one of central extension, as exposed e.g.
in [17]. Following [28], [10, chapter 5], such a square zero extension is clas-
sifited by an element in the first Quillen cohomology group
H‘Q(A; M) = [A4,K(M,1)]. Recall that K(M, 1) denotes the suspension of the
O-trivial module M, given as O-algebra by the chain complex M concen-
trated in degree 1. As for group extensions, the homotopy fiber of the clas-
sifying map 4 — K(M, 1) (the k-invariant of the extension) is precisely B.

PROPOSITION 4.6. Let O be a rational or cofibrant operad. Let M—B — A
be a square zero extension of discrete O-algebras. Then the plus-construction
yields a fibration M — BT — AT,

Proof. Let us consider the k-invariant and the associated fibration
B— A4 — K(M,1). The base is 0-connected, thus Py-local. Theorem 4.2
yields next another fibration Bt — 4T — K(M, 1), so that the homotopy
fiber of BT — A" is M. O

5. Applications to Algebras of Matrices

Recollections on algebras of matrices. Let k be a field and R be an associative
k-algebra. Consider g/(R) the union of the g/,(R)’s. This is a Lie-algebra and
also a Leib-algebra for the classical bracket of matrices. The trace
tr: gl(R)—R/[R, R] is a morphism of Lie and Leib-algebras, whose kernel is
by definition the algebra s/(R).

We define the Steinberg algebra sz(R) for the operad Lie and the Leibniz
Steinberg algebra st/(R) for the operad Leib (following the notation in [24])
by taking the free algebra in the adequate category over the generators u; j(r),
r € Rand 1 <i# j with the relations

@) u; j(m-r+ns)=m-u;j(r)+n-u;(s) forr,s € Rand m,n € -
(b) [ui j(r), urs(s)] = 0if i # [ and j # k.
(©) [uij(r), ur(s)] = uiy(rs) if i # [ and j = k.



REALIZING OPERADIC PLUS-CONSTRUCTIONS AS NULLIFICATIONS 17

We have the following extension of algebras in the category of Lie-algebras:
Z(st(R))—st(R)—sI(R)

where the center of the Steinberg algebra Z(st(R)) is the kernel of the

canonical map between s7(R) and s/(R). Following the work of C. Kassel and

J.L. Loday this is a universal square zero extension [17, Proposition 1.8].

Likewise the center of the Leibniz Steinberg algebra is the kernel of the
canonical map st/(R) — s/(R) and the extension of Leib-algebras

Z(stl(R))—stl(R)—sl(R)
is a universal square zero extension [24, Theorem 4.4].

Now we can consider all these algebras as algebras over cofibrant
replacements L., and Leib,, of the operads Lie and Leib.

Let us a recall that central extensions of discrete L., and Leib,, algebras
are exactly the same as central extensions of Lie and Leib-algebras. This
comes from the fact that the category of discrete (J-algebras is equivalent to
the category of my(O)-algebras.

Homology theories. In the category of L. -algebras we define homotopy
cyclic homology HC™:

HCY(R) = m.(gl(R)").

Likewise in the category of Leib,-algebras we define homotopy Hochschild
homology:

HHY(R) = m.(gl(R)").

By Corollary 3.7, we notice that these definitions do not depend on the
choice of the cofibrant replacement of the operads Lie or Leib. These theories
define two functors from the category of associative algebras to the categories
of Lie and Leib graded algebras. We recall that the homotopy of an L-
algebra (resp. a Leiby-algebra) is a graded Lie-algebra (resp. a Leib-algebra).

When we consider these two theories over Q, we have quasi-isomorphisms
Leiby, — Leib and Lie,, — Lie. Hence our functorial plus-construction is
homotopy equivalent to M. Livernet’s one and in particular they have the
same homotopy groups. Using deep theorems of C. Cuvier in [7], J.-L. Loday
and D. Quillen in [25], M. Livernet proved in [19, Proposition 5.2 and 5.3]
that m,(s/(R)") is isomorphic to HC,(R) (respectively HH,(R)) for any
integer n > 1. Therefore our theories coincide as well with the classical cyclic
and Hochschild homologies (we check the case n =0 in Proposition 5.1
below):

HC®(R) = HC,(R),

HH>(R) =~ HH,(R).
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The names homotopy Hochschild and homotopy cyclic homology we use in
the present paper come of course from these results. We do not know if the
above isomorphisms remain valid over Z. However, using the properties of
our construction, we are able to compute the first four groups of HC* and
HH®*. These results form perfect analogues of the classical computations in
algebraic K-theory, see for example [29, Theorem 4.2.10], and [1, Theo-
rem 3.14] for a topological approach.

Abelianization. In order to compute HH(R) and HC;°(R) we use the fol-
lowing fibration given by the trace:

sl(R)—sgl(R)—R/[R, R].

PROPOSITION 5.1. Let R be an associative k-algebra. Then HHY (R) and
HCZ(R) are both isomorphic to R/[R, R]. Moreover sl(R)™ is the 0-connected
cover of gl(R)".

Proof. The commutator subgroup of g/(R) as well as s/(R) (i.e. the perfect
radical in either the category of Lie or Leibniz algebras) is s/( R). Therefore so
is the perfect radical in £, and Leib,, (this is the case for any discrete
algebra). Hence myg/(R)" = R/[R, R] and mys/(R)" = 0. Now Theorem 4.2
yields a fibration

sI(R)*—gl(R)"—R/[R, R].
which shows that s/(R)" is the O-connected cover of g/(R)™. O

The center of the Steinberg algebra. In order to compute HH°(R) and
HC{°(R), we use the Steinberg Lie, respectively the Steinberg Leibniz, alge-
bra st(R) and the following square zero extension:

Z(st(R))—sst(R)—sI(R).

This is the universal central extension of the perfect algebra s/(R). In par-
ticular s¢(R) is superperfect, meaning that H?(st(R)) =0. O

PROPOSITION 5.2. Let R be an associative k-algebra. Then HH{°(R) is
isomorphic to the center of the Steinberg Leibniz algebra Z(stl(R)) =
HlQ(sl(R)). For 2 <i<3, HH*(R) is isomorphic to Hl-Q(stl(R)), the Quillen
homology of the Steinberg Leibniz algebra in the category of Leiby-algebras.
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Proof. As sl(R)" is the O-connected cover of g/(R)" by the preceding
proposition, we have an isomorphism 7;g/(R)" = 7 s/(R)*. By the Hurewicz
Theorem 2.1, this is isomorphic to H?(SI(R)).

Moreover Proposition 4.6 shows that Z(st/(R)) — st/(R)" — si(R)" is a
fibration. Both s/(R) and st/(R) are perfect algebras, so their plus-construc-
tions are O-connected. Actually st#/(R)* is even I-connected since
HIQ(stl(R)) = 0. The homotopy long exact sequence allows now to conclude
that ms/(R)™ = Z(st/(R)).

As stl(R)™ is the 1-connected cover of g/(R)", the Hurewicz Theorem 2.1
tells us that the next two Quillen homology groups coincide with the corre-
sponding homotopy groups. O

The same arguments apply in the category of homotopy Lie algebras as well.

PROPOSITION 5.3. Let R be an associative k-algebra. Then HC{°(R) is
isomorphic to Z(st(R)) =2 H?(SI(R)). For2 <i<3, HC*(R) is isomorphic to
HI-Q(SZ(R)), the Quillen homology of the Steinberg Lie algebra in the category
of L-algebras.

As explained in the first section there is an isomorphism over Q between the
Quillen homology H? and H¥, respectively H-“?. Together with the fact
that the theories up to homotopy coincide with their classical analogues over

0, the three computations we made above yield the following isomorphisms.

COROLLARY 5.4. Let R be an associative algebra over Q. Then

(1) HCy(R) = HHy(R) = R/[R, R], '

(2) HC\(R) = HY(sI(R)), HH(R) = H5*"(si(R)),
(3) HCy(R) = HY“(st(R)), HHy(R) = HY"(st(R)),
(4) HC3(R) = HY*(st(R)), HH3(R) = HX"(st(R)).

Computation (1) is well known and trivial. The only reason why it does
not appear in [19] is that s/(R) is used there instead of g/(R). Computations
(2), (3) and (4) are non trivial results (for (2) and (3) we refer to [17] for
Lie algebras and to [24, Corollary 4.5] and [13, Theorem 2.5] for Leibniz
algebras). Notice that the results of Kassel-Loday, as well as those of
Loday-Pirashvili and Gnedbaye, actually hold over any ring, which proves
that HC°(R) =2 HC,(R) and HH;°(R) =~ HH,(R) in full generality for
n<2.

Hochschild and cyclic homology both enjoy Morita invariance, and these
homology theories are well behaved with respect to products. These facts
however are not obvious (see [22, Theorems 1.2.4 and 2.2.9] for Morita
invariance). In the case of our homotopy versions, they are straightforward
to check.
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Morita invariance. These theories are obviously Morita invariant since
gl(gl(R)) is isomorphic to g/(R). Hence we have HC*(g/(R)) = HC(R) and
HHY (gl(R)) = HHY (R).

Products. Let R and S be two associative k-algebras, and form the product in
the category of associative algebras R x S. We want to compute
HCY(R x S) and HH°(R x S). Observe that g/(R x S) is isomorphic as a
Lie algebra to the product g/(R) x gl(S). As nullifications preserve products
(this is a consequence of the fiberwise localization [6]) one has:

PROPOSITION 5.5. Let R and S be two associative k-algebras. Then:

(i) HC®(R x S) = HC®(R) ® HC>(S)
(i) HH®(R x S) = HH*(R) & HH®(S).
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