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Absolute Continuity and Abstract
Riemann Integration

Abstract. Absolute continuity for functionals is studied in the
context of abstract Riemann integration with a twofold purpose.
On the one hand, we look for relations between the integrable func-
tions of absolutely continuous integrals and we deal with the pos-
sibility of preserving absolute continuity when extending the inte-
grals. On the other hand, we ezamine the relation with absolute
continuity for finitely additive measure giving results in both di-
rections: integrals coming from measures and measure induced by

integrals.
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1. Introduction

It is well known that, if you want to make a Measure Theory, then
you have, at least, two classical ways.

On the one hand, there is the set theoretic starting point, which we
will denote by (1/Q): X is a non empty set, Q is a o-algebra of the power
set of X and p is a measure on Q. Standard and classical methods leads
to the class L1 (u, Q) of the Lebesgue integrable functions, in this context.

When the continuity of the measure is dropped (and we work without
or with weaker continuity conditions) arises a new paradigm: Dundford-
Schwartz treatise, [10], introduces vector finitely additive set functions
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3. Proper and abstract Riemann integration

Let (X, B,I) be a Loomis system. For f € @X, we define

I=(f): = inf{I(h) : h € B,h > f}
I*(f): = sup{I(h) : h € B,h < f}

the corresponding upper and lower integrals of f (with convention sup 0=
= —inf) = —oo) which verify —oo < I*T(f) < I (f) £ +o0, Vf €
=X S0 5 o s
€ R, I~ is sub-additive, I is super-additive, and both are positively
homogeneous.
The class of the properly Riemann integrable functions is defined by

Rprop(B, I) := {f e RA . ITHf) = 15(f) & R})
or, equivalently, by
Rprop(B,I) := {f €R¥ :Ve >0, 3h,g€ B, h< f < gand I(g—h)<e}

and it is a vector lattice where the functional I := It = I~ is linear and
increasing, i.e., it is an integral which extends the original I.

For this class, there are not satisfactory Lebesgue convergence type
theorems to make a consistent Measure Theory. Therefore, it is necessary
to introduce a “local convergence” to ensure this kind of results.

The local I-convergence for sequences of functions {fn} in R to a
function f in EX, denoted by {f.}—f(I7), means that {I~(|fn — fIA
Ah)} — 0, Yh € +B and it can be used to define the class R1(B,I) of
the abstract Riemann integrable functions in this way:

Ri(B,I) = {f € B : 3{h,} in B, I-Cauchy; {ha}—f(I7)}.

Moreover, for f € Ri(B,I), we set I(f) := lim, o0 I(hy) for any sequence
{hn} in B such that {hn}—f(I7).

The definition does not depend on the particular sequence {h,} and
no confusion arises with this notation since Rprop(B,I) € R1(B,I) with
coinciding integrals I.

Further relations between the classes Rprop(B,I) and Ry(B,I) are
given by the following characterizations:

Q) f € Ri(B,I) & f*AhE Rpop, Vh€+B and I'(|f]) < oo.
(i) f € Rprop(B,I) < f € Ry(B,I) and 3h € +B: |f| < h.

Finally, we introduce two classes related to R1(B,I): The class of the
null-functions,

Ny(B,I):={f € Ri(B,I) : I(|f]) = 0},
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Unfortunately, this definition does not work well since I-continuity
is, in fact, a kind of boundness condition:

PROPOSITION 4.2. Let (X, B,I) be a Loomis system and J a positive
functional on B. The following are equivalent:

(i) J is I-continuous
(i) 3M >0 : J(h) < MI(h), Vh € +B (J < MI, for abbreviation).

This equivalence shows us that integrals induced by absolute measures
needn’t be continuous in this sense, that is, there exist measures y and v

such that v < p but I, is not I,-continuous (see [1]).
Therefore we have to weaken I-continuity in order to define a satis-
factory notion of absolute continuity for functionals.

DEFINITION 4.3. Let (X, B,I) be a Loomis system and J a positive
functional on B. J is said to be absolute I-continuous (absolute continuous
with respect to I), and it is denoted by J < I, if

Ve>0,Yhe+B, 36>0 : Vke+B, k<h, I(k)<d=J(k) <e.

Given (X, Q, ) with x a finite finitely additive measure and €2 a ring,
we set (X, Ba,I,) to be the induced Loomis system, where

n
Bq = {h €RX :h=) aixa,, @ #0,4; € Q pairwise disjoint} ;

i=1

and .
Ii(h) = aiu(4;), VYhe€ Ba.
i=1
Next proposition makes evident that absolutely continuos finitely additive
measures yield absolutely continuous elementary integrals:

PROPOSITION 4.4. Let pu and v be finite finitely additive measures. If
v <& pthen I, < I,.

PROOF. Assume that v < u let be ¢ > 0 and f € +Bq. There
are a; > 0 and A; € Q pairwise disjoint such that f = 2?21 a;Xa;. Set

A= ,Ai€Qand f:=sup{a;:i=1,... ,nt>0.
If v(A) = 0, then

TG Z av(A;) < ﬁZ v(4;) = Br(A) =0

and therefore I,(h) < I,(f) =0<e¢, Vh € +Bq with h < f.
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5. Absolute continuity and proper Riemann integration

In this section we will study the good behaviour of absolute continuity
with respect to proper Riemann integration.

First result says that absolute continuity of J with respect to I trans-
fers convergence to 0 for B-bounded sequences from the integral I to the

integral J:

LEMMA 5.1. Assume that J < I and let {h,} be a sequence in +B
such that 3h € +B with hp <h,¥Yn € Nn and I(h,) — 0. Then J(hyn)—0.

PRrROOF. Given € > 0, there exists § > 0 such that
Vke+B, k<h, Ik)y<d=|J(k)| <e.

Since I(h,) — 0 there exists m € N such that Vn > m, I(hy,) <:6:
Therefore, Vn > m, |J(hy)| < &, that is, J(hn) — 0. ]
In particular, we have the following results:

COROLLARY 5.2. If J < I and I is Daniell then J is Daniell too.

COROLLARY 5.3. If J < I and {hy} is a I-Cauchy sequence in +B
such that 3k € +B with |k, — hm| < B Vn € Nn,m, then {hn} is J-
Cauchy.

THEOREM 5.4. If J < I then

(i) Ripropry I) g ‘@prop (‘?) J)
(ii) J < I (where J and I are the extensions of I and J to Rprop(B, 1)).

PROOF. (i) Let f € Rprop(B,I) and € > 0. There are ke, he € B such

that
k. < f<h. and I(he—k:)<e.

For ¢ > 0 and h. — ke € +B, since J < I, there exists 0 > 0 such that
(2) Vge+B, 9<he—ke: I(g)<0=2J(gh<e-
We can also take ks, hs € B such that
ks < f < hs and I(hs—ks) <6.
Since ¢ only depends on €, we can consider the following functions:
k. :=k:V ks and h.:=h, Vhs,
which verify that k., h. € B, and k. < f < hL.
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6. Absolute continuity and abstract Riemann integration

The definition of absolute continuity given in 4.3 allows us to prove
an analog of Lemma 5.1 where I and J are replaced by I~ and J~, re-
spectively.

THEOREM 6.1. Assume that J < I and let {gn} be a sequence in
@f sucht that 3h € +B with g, < h,Yn € Nn and I~ (gn) — 0. Then
J=(gn) — 0.

PROOF. Let be € > 0. Since J < I, for those € and h, there exists
6 > 0 such that

(4) Vke+B, k<h, I(k)<b6=J(k) <e.

Since I~ (gn) — 0, Ino € N such that Vn > no, I7(gn) < 0. There-
fore, for each n > ng we can find k, € B, gn < kn with I(k,) <.

Set k! := ko, Ah € +B, Vn > ng. Obviously, k;, < h and I(k}) <
< I(ky) < 6, and from (4) it follows that J(k,) < &, Vn = ng. Since
gn < k!, we deduce that J~(gn) < J(k;,) <&, ¥Yn > ng. Thus, we have

proved that J~(g,) — 0, as we wanted. |

As an immediate consequence of Theorem 6.1 local I-convergence im-
plies local J-convergence whenever J is absolutely continuous with respect
to I.

COROLLARY 6.2. If J < I and f, — f(I7) then fn — f(J7),
Y fu, f € RY,Vn € Nn.

PROOF. Assume that f, — f(I”) and let h € +B. We have
I=(|fn — fI A h) — 0, that is, I7(g.) — O where gn = |fn — fIAR
verify that 0 < g, < h Vn € Nn. Theorem 6.1 says that J (gn) — O.
Thus, J~(|fa — f| AR) — 0, Vh € +B, that is, fo — f(J7). g

OPEN QUESTION 6.3. Does J < I imply R1(B,I) € Ri(B,J)?

However, Corollary 6.2 is the key for proving that absolute continu-
ity establish a good relation between the respective null functions and
measurable functions of the involved integrals:

THEOREM 6.4. If J < I then

(i) N1(B,I) < N1i(B,J)
(ii) Mi(B,I) C Mi(B,J)
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COROLLARY 6.6. If (X, B,I) is a Cs Loomis system and f € +Rq

(B,I) then

(1]

2]

3]

(4]
[5]
[6]

(10]

[11]
(12]

[13]

Ve >0, 36 > 0 such that A € Q with p(A) <= ps(A) <e.
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