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FUBINI-INTEGRAL METRICS

E. DE AMO - M. DIAZ CARRILLO

In this paper, by using an integral extension of Lebesgue power with
local integral metrics, we stablish abstract Fubini type theorems, which
subsume most known situations of integration with respect to finitely
additive measures.

Introduction.

Recently in [4] an integration theory (analogue to Daniell’s ex-
tension process) was given which works for general integral metrics,
without any continuity conditions. This is possible using a suitable
local mean convergence, which can be traced back to Loomis [12].

In [4], for general local integral metrics convergence theorems
are derived, extending results of Schifke, and an unified treatment of
proper Riemann-y-, abstract Riemann-, Loomis-, Daniell- and Bour-
baki-integrals is given. All this is specialized to integration with re-
spect to finitely additive measure.

Since Fubini’s theorem for finitely additive integration is in ge-
neral false, (the existence of the abstract Riemann integral does not
always imply the existence of the repeated integrals in the sense of
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Riemann), it seems therefore natural to ask for conditions under whi-
ch the repeated integrals will exist. Conditions of this type were gi-
ven by several authors in [7], [11] and [5].

The object of this paper is to study an abstract Fubini theo-
rem in integration theory for general local integral metrics. The re-
sults, which generalize those of Elsner [7] and Hoffmann [11], are
specialized and discussed for an abstract Riemann-integration theory
for finitely additive set function as has been devolopped and used
by Dunford-Schwartz [6], Aumann [2], Loomis [12] and Giinzler [8],

[9].

1. Notations and terminology.

Terminology and notations used are similar to that of [4] and
will explained it whenever be necessary in order to make the paper
self-contained.

On the set R of extended real numbers we adopt the conventions
a+b =0, atb := oo if a = —b € {—00,00}. We denote
aV b:=max(a,b), aAb:=min(a,b) and aNt:=(aAt) Vv (-t) if
a,beR, 0<teR.

For nonempty set X let RX consists of all functions f: X — R.
All operations and relations between functions are defined pointwise.

For each set A C R one has infA, supA € R, with the usual
conventions inf@ := oo and sup@ := —oo. We use the abbrevations
RX for the set f >0, and A_:={f;—f € A}.

A real linear space B C RX is said to be a vector lattice if
h € B implies |h| € B (then h Ak, hvk € B, for all h, k € B).

A functional ¢ : RX — R is called an upper integral if
q(0) =0, g(f+g) < q(f)+q(g) (+-subadditive) and q(f) < q(k)
(monotone) for all f, g k e RX, f <k.

g. denotes the functional defined on RX by q,(f) := —q(—f)
for all f € RX. One has that g« is +-superadditive and monotone,
g« <q and (g.). =q on RX; g, is said to be a lower integral.

If g is an upper integral then q/Rf is an integral metric on
RY in sense of [14] or [4], ie. ¢(0) = 0, q(f) < q(g) + q(k) if
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f<g+k, f g keRX

Let B C RX such that 0 € B_ C B, then an upper integral ¢
for which g(h) = g.(h) € R for all h € B, is said to be regular on
B. If additionally B is a linear space of R, g is regular on B if
and only if ¢ is linear on B.

2. g-Integrable functions.

In the present section we describe the integration with respect
to an upper integral g or the associated localized functional g, and,
under some additional assumptions, we characterize g-integrability in
terms of the equality of the upper and lower integrals.

The first notions was presented essentially by Aumann in [2],
and more generally in [4] & 1.

DEFINITION 2.1. Let q be an upper integral regular on B. A
function f € RX is said to be q-integrable if it belongs to the
closure of B in RX with respect to the integral metric q(|.|), i.e.
for all € > 0 there exists h € B such that q(|f — h]) <e.

The set of q-integrable functions will be denoted by BY.

The following assertions are easy consequences of the defini-
tions.

(WO If f € B? and (h,) C B such that g(|f — h,]) — 0 as
n — oo((h,) is called a defining sequence for f), then g(f) =
dimg(h,) € R, as n — oo.

) If f e B9, geR¥ with g(g) €R, then g(f+g) = q(f)+4(g).
(Note that the inequalities needed here read: for a,b,c € R,

a<b+(@—->b) and a <b+c if a—b <c).

LEMMA 2.1. Let q be an upper integral regular on B. Then
q(f) = q.(f) €R for all f € BY.

Proof. Let (h,), C B a defining sequence for f € BY, by (1),
q(f) = limq(h,) = —limq(—h,) = —q(=f) = q.(f) € R, since
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q(f —ha) = q((—=f) — (=hy)]) > 0 as n — oo, implies — f € BY
and q(—h,) = q(—f) as n > . |

(3) A functional p : RX — R is said to be determined by a set of
functions M C RX if p(f) = inf{p(g); f < g € M} for all

f e RX.

Observe that if g is an upper integral regular in B, then ¢
is determined by B iff ¢,(f) = sup{q(g);g < f.g € B} for all
f € RX,

Standard assumption in this and the following are B C RX such
that 0 C B_ C B and g an upper integral regular on B.

LEMMA 2.2. Let q be a regular upper integral determined by
B.
If f €RX such that q(f) = q.(f) € R, then f € BY.

Proof. By (3), given any & > O there exists 2 € B such that
f <hand 0<q(h)—q(f) <e. By (2), g(If —h]) =q(h)—q.(f) =
q(h) —q(f) < €, and the result follows. ]

In view of the above results, we state an useful g-integrability
criterion.

COROLLARY 2.1. Let q be a regular upper integral determined
by B and f € RX, then the following assertions are equivalent:

i) f e BI.
i) q9(f) = q.(f) €R.
iii) Given any € > 0 there exist h,k € B such that —h < f <k
and q(h) +q(k) < e.

The following is a simplified version of Schifke’s definition [14]
p. 120.

DEFINITION 2.3. If ¢ : RX — R is any upper integral regular
on B, the corresponding local upper integral is defined by

qe(f) == suplg(f Ah);0 < h e B} for all feRX
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It is easy to check that g, is again an upper integral, q; = ¢
on B, g0 < q on IR , qe(f) = q(f) if f < some h € B, and
(ge)e = ¢ on R¥

If f e qu, g € RY with ge(g) € R then qo(f + g) =
qe(f) + qe(8).

B9t denotes the set of g¢-integrable functions, i.e. the closure of
B in RX with respect to the integral metric ge(] - |).

(4) With definition 2.3. one has for all f € R

(@)« (f) := —qe(—f) = infl{q.(f V (=h)); 0 < h € B}.

Remarks 1. (see [3], [4]).
For later reference and the benefit of the reader, we collect some
results and examples mostly given in [3], [4] and [10].

1.1. Let B be a vector lattice in R and 7 : B — R linear
functional with I'(h) > 0 if h > 0, h € B, which is uniformly
continuous on B with respect to an upper integral g, then, theorem
1 in [4] gives that B? is closed with respect to +, a- (¢ € R),
|-1,V, A,N; and there exists an unique /9 monotone, linear and g-
continuous extension of I to BY. B C B? C B% and I9 = I9 =on
B4,

With q(f) = 17 (f) ;= inf{I(g); f < g € B} one has B? =
Rprop(B, I) (proper Riemann-/-integrable functions or the “two-sided
completion” R of Loomis [12] p. 170), and g = g. on BY.

1.2. Starting with B, I, q and g, = I, as above, one gets
Ry(B,I) := B% =closure of B in RX with respect to the distance
d(f, g8) = (I7)e(|f — g|) =abstract Riemann-]-integrable functions of
[3], containing the “one-sided completion” of Loomis [12] p. 178.

We recall that [, is the “essential upper functional” associated
with I~ in sense of Anger and Portenier [1], so that, R (B, I) is
the set of all the essentially integrable functions (w.r.t. 7).

For R,(B,I) the study of convergence concepts related to the
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integrability yields results similar to the classical ones (e.g. the I™-
closedeness property of R;(B, I) and the Lebesgue convergence theo-
rems).

Finally, it is interesting to note that if B and [ are as above
and I is o-continuous (or with Daniell’s continuity condition) i.e.
I(h,) - 0 whenever 0 < h, € B, h, > h,;; — 0 pointwise on
X, by Aumann [2],

qUOIT(f) =inf{Y I(hn); f <Y ha0<hy€BY,
n=1 n=1

defines a o-subadditive integral metric on R,. Then, B9% = LY(B,I)
(usual Daniell-7-integrable functions).

1.3. We consider now B, arising from finitely additive set
function w, with arbitrary set X.
Q is a semiring of sets from X, u: 2 — Ry is finitely additive

on 2, Bg =real-valued step functions on © and I,(h) := [ hd,,

n
h € Bq, where Bg contains all A = Za;x,;, neN, g eR A €

n
and /hdu = aiu(A).
i=l

For Bq, I, g =1; and g¢ = (I;)¢ one has Bl = Ryop(it, )
(abstract proper Riemann-u-integrable functions of Loomis [12]) and
B¥ = Ry(Bg,Iq) = Ri(n,R) (Riemann-p-integrable functions of
Giinzler [8]), which contains L(X, , i, R) of Dunford-Schwartz [6].

In particular, X = R, € = {[a,b[; —00 < a < b < o0}
and wu([a, b]) = b — a gives the classical proper Riemann-integrable
functions.

One has Rpop(t,R) C Ri(,R) NR¥, and if X € Q then
Ri(u,R) = L(X,,u,R). Finally, if u is o-additive and Q is
a o-ring, then R(u, R) =Lebesgue- . -integrable functions L' (u,R)
modulo null functions ([9], A. 146), and one gets the usual Lebesgue
convergence theorems.

i=l
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3. Product systems.

In this section we can apply the general theory of the section 2,
to discuss product systems and Fubini’s theorem in an abstract set-
ting, considering the results peculiar to abstract Riemann integration.

We shall assume that X, X, are arbitrary sets and X3 := X, X
X;.

For j =1,2,3, B; is a vector lattice C RY and g; :RY% - R
is an upper integral.

If feR¥ and x € X,, we define f,(y) := f(x.y) for each
y € Xz and (q2/)(x) := q2(f5).

Let I, := B; — R be a nonnegative linear functional which is
q1(| - |)-continuous, and I : B, — R a nonnegative linear functional
such that | (f)] < q2(]f|) for all f € B,.

A system (X3, B3) is called a product system with respect to
(X1, By) and (X3, By), whenever for each f € Bj the following
conditions are satisfied:

i) frx € B, for each x € X|.
i) L f € By, where (If)(x) := L(fx), x € X|.

In all that follows (X3, B3) will be a product system.

We definc a nonnegative linear functional on B3 by the rule
Li(f):= (Lo L)(f)=1i(I,f) for each [ € B;.

In view of the definitions involved, it is easily checked that
(5) If p,q arc upper integral on R¥, then ¢, = (@u)s, gx < px if
p<q and g« < (ge)« <qe <q on R¥X.

For j =2,2,3, if g; :R is an upper integral, then g o g is an
upper integral, (g1 © q2)« = (g1)« © (g2)« and (g3)« < (q1)s 0 (g2)* if
93 = 41 °92-

As we have seen in the section 2, B%, Jj = 1,2,3, denotes
the set of all the gj-integrable functions and /% is the gj-continuous
extension of I; to B}, again denoted by I;.

A C X; is called an g;-null set if q;(xa) = 0.

6 If f e B, g eR% and q;(|f —gl) =0, then g € BY and
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L;(f) = 1;(g).

In all the follows we assume, for j =1, 2, 3, that
(7) ¢; : R% — R is a regular upper integral determined by B; C
R% vector lattice, and g3 > g; 0 g2 on R*X3,

Now, using the properties of the integral considered and ha-
ving in mind the corollary 2.1., we obtain a Fubini’s theorem for
g -integrable functions.

THEOREM 3.1. If f € By then
i) q2/.(q2). f € B}".
it) There exist Ay C X1, k € N, q,-null sets, such that f, € B

o0
for all x € X; — UA"'
k=1

iii) There exists g € Bf' defined by L(f.) if f. € BF and such
that I3(f) = L(g).

Proof i) For f € B¥, by (2), 3), (5) and lemma 2.1, we have

q1[(q2)« f]

q3(f) = (q1 0 g2)(f) = q1(q2f) = l(lh)*[qu]

> (q1)+[(g2)+ 1= (g3)4 (f),

so that, qi(g2f) = (q1)+(g2f) € R, and by lemma 2.2., ¢, f € BY'.
Similarly, (¢2).f € B}'.
ii) For x € X, set h(x) := q2(fx) —(g2)+«(fx). One has 0 < h €
B and q(h) = 0.

1
Now, let A; := [x € X1; hix) > ?] k € N. Since q1(x4,) <
kqi(h) =0, A, are g;-null sets, and by (6) and lemma 2.2., f, € BJ?
o0
for all x € X; — UA"‘
k=1
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iii) Finally, if g € RX! such that L(fy) < g(x) < (I2)«(fy) for
x
al x e X| — UA"’ then by lemma 2.2., we obtain g € B;" and

k=1
5L(g) = (L f) = B(f). [

THEOREM 3.1. contains properly that of Elsner [7] p. 269, for
which we obtain a simplified proof. Adeed, example 2 below shows
that there exist functions which theorem 3.1. is applicable, but not
the corresponding results of [7] or [11].

Remarks 2.

2.1. In the Bourbaki situation, where the nonnegative linear
functional I : B — R is t-continuous, i.e. I(h,) — O if net
(h,) C B decreases pointwise to 0, the space L' = L*(B,I) of
Bourbaki-/ -integrable functions and the corresponding integral exten-
sion IT : L' — R are well defined (see for example Pfeffer [13] p.
44), with Daniell-L'(B, I) C L*.

Here I* > I oI; and there is an analogue to theorem 2.1. (see
[13], p. 186).

Special cases: X =open sets C R", @ = ({intervals},
p =Lebesgue measure pj on Q. Also, Co(X, R) with arbitrary Hau-
sdorff space X and any nonnegative linar / on Co(X, R), which is
automatically t-continuous.

Note that I; o I; is a Daniell or Bourbaki integral according to
whenever I, and I, were Daniell or Bourbaki integrals, respectively.

We recall that, if |f] € B; whenever f € By := B ® B; (=
“tensor product space”), then Bz is a product system, so the above
results can be applied to some classical measure product spaces (see
[13] & 15).

2.2. As in remark 1.1, for f € R, j =1,2,3, we define the
Riemann upper integral g;(f) = I( f). Then the set of all the pro-
per Riemann-/;-integrable functions R,,,(B;, I;) is the closure of B;
with respect to the integral-seminorm Ij"(l ‘). If f € Ryrop(B;}, 1)),
L) = 17(f) =dD(f) eR.

Since, inf{li(Lf); f < h € B3} 2 inf{li(hh); I; f < Lh,
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h € B3} > inf{li(g); 1, f < g € Bi}, one has I7(f) = (Iy o I,))(f)
for all f € R%3, and all the above is applicable ((3), (7) hold),
so that, theorem 2.1. gives the corresponding Fubini theorem for the
proper Riemann-/-integrable functions Rp,.,(Bs, I3).

We retain the basic assumptions as formulated in definition 2.3,
and (7).
(8) For any f e R%, j =1,2,3, g;o(f) :==sup{q;(f Ah);0<he

Bj}.

For f € R®3, we define (g2¢f)(x) := qa.¢(fx) for each x € X;.

B;”" denotes the set of all the g; -integrable functions and 19+
the unique g;¢ (| - |)-continuous extension of /; to B;-I”.

In all that follows we add two other basic assumptions:

(9) Given 0 < h € By, 0 < g € B, there exists k € B3 such that
g(y) <k(x,y) if h(x) > 0.

(1) If 0 < h € B; then h A1 € B; (Stone’s condition) and
qi(hne)—> 0, as € > 0.

Observe that the above assumptions are fullfilled in most appli-
cations, for example for step functions or continuous functions with
compact support (see remark 1.3.).

LEMMA 3.1. If (7), (9) and (10) hold, and f € RY® such that
the following condition holds

(x) To f there exists g € B3*" such that f, < g for each
x € X;.

Then, q3¢(f) = (q1,e©q2.6)(f)-

Proof. For g € B> and ¢ > 0, there exists t, € B, such that

g2.e(lg — 1:]) <.
Now, with 0 < g <|g — 1| + |t,| and (*), we have

fx=fx/\gSIg_ts|/\fx+|te|/\fxSlg—te|+|te|/\fx-

By definition, (g1,6092,¢)(f) = q1,¢(q2.¢ f) := sup{qi[(g2.e f) Ah];
< h € By}.
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To 0 < h € B, and [t,| € B,, by (9), there exists [ € B3 such
that |t.] <[, on X, if hx) > 0.

Thus, one gets g2e(fy) =< q2e(lg — &) + @e(ltel A i) <
e+ qaeltel A fz), so that, q1[(g2,ef) Ahl < qi1(e Ah) +qi1lgae(lt| A
fx) A h] = ql(ql[qZ(ltsl A fx) A h]’

Finally, since f; Alte| < fi Al if h(x) > 0, one has q[(g2.ef) A

hl < qu(h Ae) + qilga(fi A L) < qi(h Ag) 4+ q3(f AT), and with
¢ — 0 we conclude the result. [ ]

In lemma 3.1. the boundedness of the section functions is ne-
cessary by example 1 below.

We shall now apply the inequality established in lemma 1.3. to
give the following generalization of theorem p. 141 of Hoffmann [11]
(see also Elsner [7], with (7), and [5] theorem 2).

THEOREM 3.1. (Fubini theorem for g,-integrable functions). If
(7), (9) and (10) hold, and f € B such that |f,| < g € Bi**
for each x € X, the the following assertions hold:

i) There exist Ay € X1, k € N, gy ¢-null sets such that f, € B>

[o.0]
for each x € Xy — | J Ar.
k=1

ii) There exists k € B]"* defined by qy¢(f) if f. € Bi**, such that
q1.e(k) = q3,e(f), ie. IPL(f) = (¢ 0 [12¢)(f).

Proof The proof is similar to the one of theorem p. 141 of [11]
by application of lemma 3.1. We will denote only the main steps.

i) For f € By® and ¢ > 0, there exists ¢+ € B; such that
ge(lf —1]) <e.

For each x € X, set ¢(x) := inf{q2.¢(|fx—h|), for each h € B,}
1
and set A; = {x € X;;¢(x) > ?}, k € N. With lemma 1.3. the

sets Ay, k € N, are g ¢-null, and i) follows immediatelly.

ii) It is suffices to see that there is (g2¢k,) C B such that
q1,e([(q2.ekn) — k) < 3 (qre 0 q2.0)(kn — fI) < 3 g3e(tkn — f1)s
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where (k,) C B3 and q3¢(lk, — f]) = 0, as n — oo. So that,

(q1.60q2.0)kn) = q1,e(k), as n — oo, and g1 ¢(k) = g3.¢(f). n
Remarks 3.
3.1. With ¢; = I, i = 1,2,3, of remark 1.1., according to

remark 2. 2. (7) holds, and theorem 3.1. gives a Fubini type theo-
rem for the abstract Riemann-/-integrable functions (see remarks 1.2,

1.3.).

3.2. With remark 1.3. for the A x u-finitely additive situation, (9)
and (10) hold. Here, the Elsner-condition that |f| be bounded and
there exists P € ring generated by 2, such that supp(f) C X; x P
implies that there exists g € R;(Bg,,l,,) such that |f;| < g for
each x € X;. So that, theorem 3.2. is applicable and contains Satz
10 of Elsner [7], so, we generalize in this way results analogous to
the classical case.

3.3. Let us finally remark that our results can be reformulated
for Banach space valued functions, using_fﬂg =1f1I""AfIALS,
with f : X — E = Banach space, g € R;, of [9] p. 327 or [7] p.
266.

EXAMPLE 1. (see [7] p. 270, [11] p. 141).

Let X, =R, Q, ={Ja,b[; a,beR, a<b}, ur(la,bl) =b—a,
Xo=N, Q, ={N—-A; A finite set C N}, A(A) =0, A(N) =1 and
X3 =R xN.

o
Given g = an[,,;,],,,,hq[ one has Ij,(g) = 0 < 0 =
n=1

(e o ) (8).

EXAMPLE 2. Let X, =X, =N, Q, =, ={N— A; A finete
set C N}, uy = up = p additive measure u(A4) = 0, u(N) = 1.
Let X3 =NxN, Q ={X3— A; A finite set C X3}, v: Q —> R,
v(A) =0, v(X3) = 1.

Since I, > I

oxp = Iu_ o Iu‘ =: Iy, we have R,.,,(v,R) C

I-
Rprop(pt x 1, R) C BQ3|)<92'
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1
With f(m,n) = o one has f € Rprop( X u,R) but
f ¢ Roop(,R), and f(m,m) = 1 A — gives f € B3 .o but
n
f ¢ Rprop(/“L X p, R).
1
Also, for f(m,n) = — if n is even and :=0 if n is odd, one
m

has f € Rprop(u x p, Ry with I, (f) =0, but for no m € X, is
fm € Rprop(i, R), the exceptional set is all of X;.
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