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ABSTRACT. A Fubini theorem for positive linear functionals on the vector lattice
of the real-valued functions is given. This result properly contains that of the
Riemann-u-abstract integral.

INTRODUCTION

In [3] one starts with a functional I: B — R, defined on the vector lattice B
of real-valued functions on a set X and assumed to be positive linear. One de-
fines the extended function class R;(B, I) and extends I to R(B, I) via one
or the other of three classical methods (certain limits of elementary functions,
equality of the upper and lower integrals, closure of B with respect to an R,
type seminorm), and one gets the convergence theorems using a suitable “local
convergence in measure”. Riemann-x , abstract Riemann-Loomis and Bourbaki
integrals are subsumed.

In [5] Elsner has given a Fubini type theorem for the abstract Riemann-u-
integral. In this note, the integral extension of Lebesgue power introduced in
[2] and [3] is used to develop a Fubini type theorem in quite general settings.

Let I; and I, be positive linear functionals on vector lattices over X and
X, , respectively. A methodological simplification is obtained by constructing
the iterated integrals, via a suitable extension of the linear functionals. Con-
ditions are determined for an integrable function f: X; x X3 — R, without
assuming continuity, so that the iterated integrals exist and are equal. So, our
results are a reasonable substitute for Fubini’s theorem for finitely additive inte-
gration (or for corresponding to the analogues to the Daniell extension process,
but without continuity assumptions on the elementary integral 7).

1. PRODUCT SYSTEMS
On the extended real line R = RU{—o0, oo} we adopt the usual conventions
0(%00) := 0 and oo + (—o0) := 0. We denote aV b := max(a, b), anbi=
min(a, b), a,b eR.
Terminology and notation used are similar to that of [2], [3] and [10].

Received by the editors November 10, 1993 and, in revised form, January 24, 1994.

1991 Mathematics Subject Classification. Primary 28A35, 28CO05.
Key words and phrases. Fubini theorem, finitely additive measure, abstract Riemann integral.

© 1995 American Mathematical Society

2739



2740 E. DE AMO AND M. DIAZ CARRILLO

(1) Throughout this note we shall assume that for j =1, 2, X; is an arbi-
trary set, B; C RY a vector lattice (with respect to pointwise operations) and
I;: B; — R a linear functional which is positive, i.e., LF) =0 forall >0
in Bj 5

Let X3 := X; x X, and By Cc R® a vector lattice. For f € R and for
x € X; we define the function f; on X, by fi(y) = f(x, y) foreach y € X;.
Let f be a function on X3 such that fy € B, for each x € X;. Then setting
(ILf)(x) := I(f,) for each x € X, we have defined the function Lf on X.

(2) A system (X3, B3) is called a product system with respect to (X, B))
and (X, B;), whenever for each f € B3 the following conditions are satisfied:

(i) fx € B foreach x € X;.
(i) I,f € By .

In all that follows (X3, B3) will be a product system. We define a positive

linear functional on B; by the rule I3(f):=1;(I,f) for each f € Bj3.

2. THE ABSTRACT FUBINI THEOREM

2.1. Proper Riemann integration. (3) For [ € RY . J =1,2,3; wedefine
Riemann upper and lower integrals by
I7(f) :=inf{I;(h); / < h € Bj}, with inf@ :=oc0 and I} (f):=—-1;(-f).

y i e =y
Ij_ is positively homogeneous and subadditive on R &

For [ € R we define the function I f: Xi —» R by (I, f)(x):= LAl
for each x € X; . Similarly, (I3 f)(x):=—I; (=/fx).

Lemma 1. If f € R, then I7(I; f) < I; (f) and I;(f) < If (IS f).

Proof. By (3) and (ii) of (2), one has I(f) = inf{I,(Ih); f<he€ B3} 2>
inf{I;(Lh); I;f < I;h =hLh,h € B} >inf{li(g);I;/ < g€ Bi} =
el

The rest of the proof is similar. O

(4) The set Rprop(Bj, 1) of proper Riemann integrable functions is defined as
the set of those functions f € RY such that any one of the following conditions,
which are equivalent, is satisfied.

(i) Given any ¢ € R", there exist &, g € B; such that I;(h—g) <&, with
gsf=h.
(i) If(f)=1;(f) eR.

We have that Rprop(Bj, I;) is the closure of B; with respect to the integral
seminorm [ (|- |). If If € Rl B i) LIS ) L) = I7(f) (see, for
example, [1], [2]).

A C X; is called an [} -null set iff I;7 (xa) = 0.

Theorem 1. If f € Ryiop(B3, I3), then:
() I f, If f € Rprop(B1, I1).
(ii) There exist Ay C X1, k €N, I -null sets, such that fx € Rprop(B2, I2)
forall x € X; — 7" Ax -
(iii) There exists g € Rprop(B1, I1) defined by Iy (fx) if fx € Rprop(B2, I2),
and such that I;(f) = 1,(g) .
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Proof. (i) For f € Rpwop(B3, I3), by (4), (3) and Lemma 1, we have

B =502 02 { K ED s utn 2 50y =00,

Then, I3(f) = IT(I; f) = I (I; ) € R, and by (4) L f € Rorop(Bi, 1) .
Similarly, I5 f € Rpmp(Bl, )

(i1) For x e Xi,set h(x):=1I;7 (fx)=If(fx). One has 0 < h € Rpop(B1, 1)
and 7,(h) =

Now, let Ak ={x € X;;h(x)>1}, keN. Since (v ) = klilh) =0,

Ay are I -null sets, and by( ) fX € Rprop(B2, 1) for all xe X —UT 4k
(111) Finally, if ¢ € R"" such that L (fx) = glx) £ II(fz) forall x e
—U7° Ay , then, by (4), we obtain gE Rprop(Bl wAyand Lilg) =1 (I f) =
13(f) o

Observe that if / € Rpop(By, I;) such that /(x)

= I; (fx) whenever f; €
Rprop(BZ, IZ) then [l(l) _13(f) and I |g_[| =0.

Remarks 1. 1. In general I (f) > If (I f) is false for all f e R", by 3.4
and Example 2 below. Therefore, an analogue to Theorem i for summable
functions of [2] is in general not true.

Nevertheless, if I is monotone-net-continuous = Bourbaki’s continuity con-
dition, then Daniell L!(B, I) c Bourbaki extension L* and I* = upper Bour-
baki extension /7. In this case, IT > IT(I§) and there is an analogue to Theorem
1 (see [2], [6] and [13], p. 186).

2. For arbitrary I/B it is easy to show that if (h,) C B, 0 < hpy < hy,
neN, I(h,) — 0,as n — oo, then there exist 4, C X such that I=(x4,)=0,
and that if x ¢ (J{° A, then A,(x) = 0, as n — oo.

In general, |J° A, is not an 7~ -null set by 3.4 and Example 3 below. If /
Is g-continuous, then J{° Ay is an I?-null set (see [9], p. 265).

2.2. Abstract Riemann integration. (5) For any f € R, j = 1,2, 3, the
corresponding localized functionals in the sense of Schifke [14] are defined by

I7,(f) = sup{I; (f A h); 0< h € B},

and for feR", Iy ,f: Xi — R is defined by (Iz_lf)(x) := I ,(fx) for each

xX€EX. I i is monotone and subadditive on R

In view of the deﬁmtlons involved, we have

(6) (11,1)1,1 — Ij,[ , and I [(f) =I;(f) if f € RY and f < some
he Bj .

() For j =1,2,3,the set Ri(B;, ;) of Ij-integrable functions is defined
as the closure of B; in RY with respect to the integral seminorm I ,( | o35

R\(B;, I;) is closed with respect to +,a - (@ € R); | | AN

//R (Bj, I;) is a positive linear functlonal (= unique I ,-continuous ex-
tens1on of 1;/B))

By [3], I(BJ, Ij) is the set of all f € RY to which there exists a se-
quence (h,,) C Bj, which is a Cauchy sequence with respect to /;(|-|) and with
hy — f(Ij_); then I;(f) :=lim/I(h,), n — oco. In general, Ryop C Ry with
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coinciding integrals, and C generally strict. For further properties of R; see
[3] and [10].

In all that follows we assume the following condition
(%)

To h € By, g € B, there exists / € By such that g(y) </(x, y) if h(x) > 0.

Lemma 2. Let f € R such that the following condition holds
() |fx| < g € By foreach x € X;.

Then, IT (I ) <13 ,(f)-

Proof. For f. € K2, x € X, we have with (x+) and (5) (I; ,f)(x) =
(I7 f)(x),so that I} (I3 ,f) < I (I3 f) = sup{I; ((I; f)ANh); 0 < h € Bi}.

Now, with (x), (I; f)Ah < I f < I, f nl, where | € Bs and fy <
g < I, for each x € X;, h(x) > 0. Hence, with Lemma 1 and (5), we have
IT((I; f)AR) <UD Fah < KA =13 () for all 0< he B;,and we
conclude the result. 0O

Without (xx) Lemma 2 becomes false by p. 270 of [5]. Here there exists
f €R} such that I} (I; ,f) =oco0 and I3 ,(f)=0.

‘Theorem 2 is obtained now in a similar way as Satz p. 141 of Hoffman [11]
(see also Elsner [5]).

Theorem 2. Let (X3, B3) be a product system, and let | € R\(Bs, I3) satisfying
(x%) . Then the following assertions hold:
(i) There exist A, C Xy, k €N, I;,—null sets, such that f, € Ry(B2, 1)
for each x € X, — " A .
(ii) There exists g € Ri(By, 1)) defined by I;,(ﬁ() if fx € Ri(B2, 1), and
such that I ,(g) = I;[(f), ie. I;,(f) = I;[(Iz_,lf).

Proof. (i) By (7), for f € R((B3, I3), given ¢ > 0 there exists g € B3 such
that I;,,(If— gh<e.

For each x € X, set ¢(x) = inf{Z; ,(Ifx — h|), for all h € B} and set
A, = {x € X1;9(x) > 1}, k € N. By virtue of Lemma 2, it can be easily
proved that the sets Ay, kK € N, are Il',,—null, and (i) follows immediately.

To prove (ii) it suffices to see that there is (]i,gn) C B, such that I, ;& —
g(Iy ), where (g) C B3 and I5 ,(|gn — fl)—0,as n— oco.

In fact, a calculation analogous to the proof given in [11] (Hauptsatz, P 139,
with “Fubini-integral norms”), and having in mind the properties stated in (6)
and (7), permits to show the inequality

Ir‘/(l(lz_‘/gn) Ve g|) < 311—’[(1;,[|gn G f|) < 313_,[(|gn _fl)
Besides, I;,(I;,g”—»];,(g),as n — oo, and Il_‘[(g)zlg",(f). O

Remarks 2. 1. In the above statement usually all assumptions are essential.
There exist counterexamples for the A x p-case (additive measure space, see
3.1. below) in [5], Bem.4.b, and 4.c.p.270. Similar examples show that one

cannot substitute |fi| < g for fi < g in (¥%).



ABSTRACT FUBINI THEOREMS 2743

2. There are simple examples of f € R;(A x u, R) with (#x), but f ¢
Rprop(Ax 1, R):

S =xx,xm, M € ring Q,, with u(X;) = co.

3. Let us finally remark that our results can be reformulated for Banach space-
valued functions, using fng:= ||f||~'(|/|Ag)f, with f: X — E = Banach
space, g € RY, of [9], p. 327.

3. APPLICATIONS AND EXAMPLES

1. If Q is a semiring of sets C X and u: Q — [0, oo[ 1is additive, then
B = Bq :=real-valued step functions over Q and J = I, = [-d, satisfying
(1)

Then the proper Riemann-p-integrable functions Roprop(#, R) = I -closure of
Bq in R¥, in the sense of Aumann [1], p. 448.

The space of abstract Riemann-p-integrable functions R, (u, R) was pre-
sented essentially by Loomis [12]. For Banach space-valued functions it has
been introduced by Dunford-Schwartz [4], and in more general form by Giinzler
[8],[9]. Rprop(1, R) C Dunford-Schwartz integral L(X, Q, u, R) C R(u, R),
with coinciding integrals; all C are in general strict (see Lemma 9 of [10] and
[9], pp. 199, 70).

In Gould [7], Stone’s axiom B A1 C B is assumed, so by [8] his results are
already subsumed by the abstract Riemann integral (see, for example, [9], pp.
57, 268).

If Q; and Q, are semirings of sets from X, and Xy, and u; and wu, are
additive measures on Q; and €, , respectively, one can construct a product
additive measure p3 in the set X3 := X; x X, and the induced integral [, .

If we set Q3 = {Al X Ay ; Aj € Qj, Jg=1, 2} , then, us3(A4; x Ar) ==y (A4y) -
#2(A2) = Ly (X4, x4,) - See [13], §16; [11], p. 125,

2. If B = Bq with Q = g-ring and I = I, with u o-additive, then
Ri(4,R) = L'(u, R) (:=Lebesgue-u-integrable functions), and f, — f u-
almost everywhere implies f, — S(;) for u-measurable f, . by [9], p. 265;
and we get the usual Lebesgue convergence theorems.

In [5] Elsner has given a very thorough and interesting treatment of the Fu-
bini theorem for the abstract Riemann-u-integral. Our results contain properly
that of [5], for which we obtain simplified proofs. Indeed, Example 1 below
shows that there exist functions for which Theorem 1 is applicable, but not the
corresponding result of [5] or even [11], p. 129.

Observe that for the A x p-case, (x) holds and (*+) means that |f| is
bounded and there exists P € ring generated , such that supp(f)C Xy x P.

In [14] integration with local Loomis-Schifke integral seminorms is obtained.
With (7), we have R|(B,I) N R¥ =Schifke local I -closure of B, and
R(B, I)NR* =“one-sided completion” of Loomis [12], p. 170.

3. We denote by B, ® B, the vector space of functions on X3 generated by
the family {g ® h; g € B, h € By}, where (f®k)(x, y) := f(x)-k(y) for
arbitrary f and k£ on X, and X,, respectively. If |f| € B, ® B, whenever
f € By ® By, then B, ® B, is a product system with respect to (By, I;) and
(B2, I) (see [13], §15; [6], p. 187), and Sections 1 and 2 are applicable.

4. Using Examples 1-3 below it is not difficult to check that there are finitely
additive A, x4 onrings and f, g, h, with 0 < [ = I, ,-null functions, but
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fx € Rprop(t, R) for no x € X; (Example 1); g € Ri(Axu,R),all g¥e B,
I,(g”) € By, but [gd(Axu)# [([ gdA)du (Example2); 0 < hyry < hn, [ hn
du— 0, but h,(x) — 0 forno x (Example 3). g can be found in Elsner [5],
P27

Example 1. Let X; = X, = N, Q =Q, = {N-E,E; finite set C N},
[ty = iy = p finitely additive measure, such that u(E) := 0, u(N):=1.

Let X;:=NxN, Q:={X; - E, E; E finite set C X3}, and v: Q — R,
v(E):=0, v(X3):=1.

Example 2. Let X; =R, Q, := {la, b];a,b e R,a < b}, Ale. Bli= b —
a;X, =N, Q, = {[N-E,E;E finite set C N}, u(N) = I UeE) = 0
and X3 := X; x X, = Rx N. Let Iii= 1, 12=[ﬂ, B, = Bq, , B, = Bq,,
B3 = BQIXQZ, 13 = 110[2:f-d(/1><[u).

Example 3. Let X = N, Q = {N— E, E; E finite set C N}, u(N) =1,
u(E)=0, B=Bg,and I =1,.
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