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Let H be a cocommutative weak Hopf algebra and B a H-module algebra. We
extend to this context some of the notions that arise in the study of Sweedler’s
cohomology. In particular, we define the concept of 2-cocycle and of cohomologous
2-cocycles. We use this notion to classify weak crossed products of B and H.

We also study H-extensions of B, and we obtain that a normal 2-cocycle induces
a weak cleft H-extension of B. As a consequence of the classification of weak
crossed products via cohomologous 2-cocycles, we finally obtain that cohomologous
2-cocycles induce isomorphic weak cleft H-extensions.
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Sweedler’'s cohomology and other related topics

Let H be a cocommutative Hopf algebra and B a commutative
H-module algebra.

K —— Reg(H, B) 3= Reg(H® H,B) —3= Reg(H®),B)..

1. 01(f)=pB(H® ) 0 € Reg(H® H, B) is a 2-cocycle if
2. 8y(f) = fun © H) 01(0) A 93(0) = Oa(0) A Ba(0)

3. 03(f) = f(H® pun)

4. O4(f)=f®en
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Sweedler’'s cohomology and other related topics

Let H be a cocommutative Hopf algebra and B a commutative
H-module algebra.

— >
K —— Reg(H,B) == Reg(H® H,B) =2 Reg(H®,B)..

1. 61(f) = pg(H® f) o € Reg(H® H, B) is a 2-cocycle if

2. Ox(f) = f(un ® H) 01(0) A Os(0) = a(0) A D2(0) |

3. 0y(f) = F(H ® pun) The 2-cocycle 7 is cohomologous to o if

' TAO(y) =01(7) N Os(v) Ao

4. 0u(f) =f ey for v € Reg(H, B). H?(H, B) is the
2nd. group of cohomology.
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Sweedler’'s cohomology and other related topics

H is a Hopf algebra, B an algebra and 5 : H® B — B and
o:H®H — B morphisms.

lippo BOH®B®H - B®H

B ® H is a crossed product if
eg,o 1S associative and
ne @ ny is the unit.

o satisfies:
©p is a weak action: » ug(es(H® ) ®o0o) =
> oa(H ® 1) = ne(ve ® ¢B) pe(o ® pg(un ® B))
» og(H®ne) =ey @nB » Cocycle condition.
> pp(nnH® B) =B > o(nu, H) = o(H,nn) = en ® 18
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Sweedler’'s cohomology and other related topics

H is a Hopf algebra, B an algebra and 5 : H® B — B and
o:H®H — B morphisms.

B ® H is a crossed product if

Pogo . BOH®BQOH —»B®H eg,o 1S associative and
ne @ ny is the unit.
o satisfies:
wp is a weak action: » ua(ps(H® pp) Qo) =
> ve(H® ug) = uslps ® vs) pe(o ® ve(pn ® B))
» og(H®ne) =ey @nB » Cocycle condition.
> (M ®B)=8 > o(nw, H) = o(H,nH) =en ®@ns
» 0 ¢ Reg(H® H, B).
or <3 = = =z 9ac
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Sweedler’'s cohomology and other related topics

If H is a Hopf algebra, B an algebra and A a H-comodule algebra:

B < Ais a cleft extension if and only if there exists
vp : B® H — B a weak action and a 2-cocycle
0 € Reg(H® H, B) such that A~ B®%58 H

B ®58 H ~ B ®¥8 H if and only if o and 7 are cohomologous. J

H?(H, B) gives a classification of crossed products with invertible
cocycle and of cleft extensions.
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Recall that:

A weak Hopf algebra H is an algebra and a coalgebra such that
SH o u#nH @ 1y (at least not necessarily).

> The behavior of 6y o nyy is encoded by some idempotent
morphisms Mg ; : H — H and Mg : H — H, that in the non
weak case become ny ® ey.

If ua: A® A — Ais an associative multiplication, v : K — A'is a
preunit if ppo (A®v)=pao(r®A)and po(v@v)=r.

V., = pa(v ® A) is an idempotent morphism whose image is an
algebra.
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Groupoids

isomorphisms. We denote by Gy the set of objects and by G; the
morphisms.

A groupoid G is a (small) cateogory whose morphisms are
A group is a groupoid with one object.
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Changing our point of view

Let H be a cocommutative Hopf algebra, (B, ¢g) a commutative
H-module algebra and f : H(" — B.

f € Reg"(H, B) if there exists f~ : H(" — B such that

FAFl=fIANf=c] @8

Reg"(H, B) is a group Vn € N with unit €}, ® 1.
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Some facts

For (B, ¢g) a H-module algebra:

Ist. fact pgo(H®ng) =ey ®np if H is a Hopf algebra.

2nd. fact If H is a weak Hopf algebra, then ¢g o (H ® ng) does not have
to equal ey ® 1.

3rd. fact If B < A is a weak cleft extension with cleaving morphism f,
then f A 1 = pp(H @ nB).

Why do we not change the unit(s) of Reg(H, B) by ¢ o (H®ng)?

Why do we not change groups by groupoids? J
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f'

ve(H®nB) ‘/—\V

S

f—l

pg(H®ng)
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Changin Reg(H, B) by M(H, B).

vB(H ®ng), where
v : B®H — His a weak
f'

action.
¢B(H®nB) ‘/—\

corine) (INEOWSIN

Morphisms f : H — B such

that there exists {1 : H — B
satisfiying

S

f—l

FAFL vg(H ®nB)
f~INF (pB(H &® T]B).
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vg: H® B — B is a weak action if:
1. pgo(pe®yp)o(H®cypoB)o(dh®BR®B) = pgo(HRuR).
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Weak actions (the objects)

vg: H® B — B is a weak action if:
1. pgo(pe®pp)o(H®cypoB)o(dh®B®B) = pgo(HRug).
2. ppo(pn®ne) =y¢po(uno(H®MNL) ®np)
3. pygo(ny® B) =idg

and we generalize these properties to pp : H(" @ B — B.

M"(H,B)o = {¢5 o (H™ @ ng)} for pg : HM @ B — B a weak
action.
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Gauge transformations (the morphisms)

If B, ¢z : H® B — B are weak actions, f : H — B is a gauge
transformation between g and ¢y if there exists f~1 : H — B:
1 fAF=pg(H®ng) = t(f)
LTINS = gp(H @) = s(f)
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Gauge transformations (the morphisms)

If B, ¢z : H® B — B are weak actions, f : H — B is a gauge
transformation between g and ¢y if there exists f~1 : H — B:
1.

fAFL=pp(H®ng)=t(f)
FANF = ¢(H®ng) = s(f)

f

¢8(H®ng) © s (H & )

F1
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If B, ¢z : H® B — B are weak actions, f : H — B is a gauge
transformation between g and ¢y if there exists f~1 : H — B:
1 fAF=pg(H®ng) = t(f)

CfFTIAF = @ (H®ne) = s(f)

2. FAfTIAf=Ffand FAAFAFL=FT
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Gauge transformations (the morphisms)

If B, ¢z : H® B — B are weak actions, f : H — B is a gauge
transformation between g and ¢y if there exists f~1 : H — B:
fAF=pg(H®ng) = t(f)

FrENf = ¢ig(H@ns) = s(f)

2. fAfIAf=Ffand FAIAFAFLI=F(T

3. M?é o (f® YB &® f_l) o (5H ® CH,B) o (5H ® B) = 90:‘_:;

1.

and we generalize to gauge transformations £ : H(") — B.



Towards Sweedler's cohomology for weak Hopf algebras
|—Groups by groupoids

Gauge transformations (the morphisms)

If pB, ¢ : H® B — B are weak actions, f : H— B is a gauge
transformation between g and ¢/ if there exists {1 : H — B:
1

fAF=pg(H®ng) = t(f)
fFIAf= go'B(H®7]B) = s(f)

2. FAfTIAf=Ffand FAANFAFLI=F1

3. M%O(f@)@B@f_1)0(5H®CH,B)O(5H®B)=g0’B

and we generalize to gauge transformations £ : H(") — B.

M"(H,B); = {f : H") — B} where f is a gauge transformation
between g and 5.

We define the composition by f x g = f A g if t(g) = s(f).

(=] F
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M3(H, B)...
For (pB(H X 773) € Reg(H, B)o
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For pg(H ®ng) € Reg(H, B)o
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The operators

M(H,B) == M(H® H,B) =

i

M3(H, B)...
For (pB(H X 773) € Reg(H, B)o

» 7% (ps(H®nB)) = va(H ® va(H ®n8))
> (ps(H®n8B)) = va(H ®NB)

> O3(ps(H®@nB)) = we(H(H @ ML) ®nB)
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The operators

M(H,B) == M(H® H,B) =

i

M3(H, B)...
For og(H ® ng) € Reg(H, B)o

» 7% (ps(H®nB)) = va(H ® va(H ®n8))
> (ps(H®n8B)) = va(H ®NB)

> O3(ps(H®@nB)) = we(H(H @ ML) ®nB)

I ®(pe(H ®@nB)) = 0a(ps(H ® n8)) = 93(ws(H ®118))
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The operators

M(H,B) == M(H® H,B) =

i

M3(H, B)...
If f € M(H, B)1, 05(H ® 18) = ¢5(H ® 15):
> 075(f) =ps(H® )

78 (ps(H ®nB)) = 02(we(H ® 118)) = 33(ws(H ® 1B))
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The operators

M(H,B) == M(H® H,B) =

i

M3(H, B)...
If f € M(H, B)1, 05(H ® 18) = ¢5(H ® 15):
> 075(f) =ps(H® )
> Oo(f) = f(un ® H)

I ®(pe(H ®@nB)) = 0a(ps(H ® n8)) = 93(ws(H ®118))
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|—Groups by groupoids

The operators

M(H,B) == M(H® H,B) =

i

M3(H, B)...

> 0f%(f) = pa(H® )

If f € M(H, B)1, 05(H ® 18) = ¢5(H ® 15):
> Oo(f) = f(un ® H)

» K(f)=fo(upo(H®ML))

I ®(pe(H ®@nB)) = 0a(ps(H ® nB)) = 93(ws(H ®118))



Towards Sweedler's cohomology for weak Hopf algebras
|—Groups by groupoids

The operators

M(H,B) == M(H® H,B) =

i

M3(H, B)...

> 0f%(f) = pa(H® )

If f € M(H, B)1, 05(H ® 18) = ¢5(H ® 15):
> Oo(f) = f(un ® H)

> 33(f) = Fo(uno (HBML)) = f B en

I ®(pe(H ®@nB)) = 0a(ps(H ® nB)) = 93(ws(H ®118))
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|—Groups by groupoids

2-cocycles

such that

o

Let 0 : H® H — B be a morphism in the groupoid M(H ® H, B)

0,—1

vB(1H ®NB) © ve(H ® ps(H ® ng))



Towards Sweedler's cohomology for weak Hopf algebras
|—Groups by groupoids

2-cocycles

such that

o

Let 0 : H® H — B be a morphism in the groupoid M(H ® H, B)

0,—1

we(pH ® nB) © v8(H ® va(H ® nB))

As 0 € M(H ® H, B):

ppo(H®ppo(H®B)) =

0 (0 ® pp(un ® B) @0 1) o (Sugn ® cHgH,B) © (SHgH @ B)
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2-cocycles

such that

o

Let 0 : H® H — B be a morphism in the groupoid M(H ® H, B)

0,—1

we(pH ® nB) © v8(H ® va(H ® nB))

As 0 € M(H ® H, B):

ppo(H®ppo(H®B)) =

0 (0 ® pp(un ® B) @0 1) o (Sugn ® cHgH,B) © (SHgH @ B)
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2-cocycles

such that

Let 0 : H® H — B be a morphism in the groupoid M(H ® H, B)

oyt
O ve(pH ®@nB)

As o € M(H® H, B):

ppo(H®ppo(H®B))=

g o (0 ® pa(un ® B) @ 07 1) o (SneH ® cHgH,B) © (SHeH ® B)
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2-cocycles

o is a 2-cocycle with respect to ¢g if

078 (0) x 03(0) = Da(0) * 02(0)
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Towards Sweedler's cohomology for weak Hopf algebras
|—Groups by groupoids

2-cocycles

o is a 2-cocycle with respect to ¢g if

078 (0) x 03(0) = Da(0) * 02(0)

Let o be a 2-cocycle with respect to wg and let 7 be a 2-cocycle
with respect to ¢z and v : H — B a morphism in M(H, B).

o and T are equivalent if

7% 0a(7) = (83(7) A OB (7)) * 0

provided that v : pg(H ® n8) — ¢5(H ® ng). We denote by
H?(H, B) the set of equivalence classes.

- _— Q
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If o is a 2-cocycle with respect to ¢p
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Normal 2-cocycles

If o is a 2-cocycle with respect to ¢p

o is a normal 2-cocycle if:

co(Heny)=0o0(ny ® H) = pg(H®ng).

If o is a 2-cocycle with respect to ¢pg, there exists a normal
2-cocycle with respect to ppg equivalent to o.
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|—Groups by groupoids

Normal 2-cocycles

If o is a 2-cocycle with respect to ¢p

o is a normal 2-cocycle if:

co(Heny)=0o0(ny ® H) = pg(H®ng).

If o is a 2-cocycle with respect to ¢pg, there exists a normal
2-cocycle with respect to ppg equivalent to o.

All the equivalence classes of cohomologous 2-cocycles have a
normal representative element.
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Outline

3. 2-cocycles and weak crossed products
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Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

lippo BOHR®B®H - B®H
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Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

lippo BOHR®B®H - B®H
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:

Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

lippo BOHR®B®H - B®H

B ® H is a crossed product if
eg,o 1S associative and
ng ® Ny is a preunit.
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Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

lippo BOHR®B®H - B®H

B ® H is a crossed product if
eg,o 1S associative and
ng ® Ny is a preunit.




Towards Sweedler's cohomology for weak Hopf algebras
|—2—cocycles and weak crossed products
:

Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

lippo BOHR®B®H - B®H

B ® H is a crossed product if
eg,o 1S associative and
ng ® Ny is a preunit.
» B® H is not an algebra.




Towards Sweedler's cohomology for weak Hopf algebras

|—2—cocycles and weak crossed products

Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

70- B . -
B ® H is a crossed product if

YPopo  BORH®B®H =+ B®H eg,o 1S associative and
1N ® Ny is a preunit.

» B® H is not an algebra.

» For Vigeny, :BO®H — B®H,
ImV = B x£8 H is an algebra.
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|—2—cocycles and weak crossed products

Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

70- B . -
B ® H is a crossed product if

YPopo  BORH®B®H =+ B®H eg,o 1S associative and
1N ® Ny is a preunit.

» B® H is not an algebra.

» For Vigeny, :BO®H — B®H,
ImV = B x£8 H is an algebra.

> pp is a weak action.
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Towards Sweedler's cohomology for weak Hopf algebras

|—2—cocycles and weak crossed products

Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

70- B . -
B ® H is a crossed product if

YPopo  BORH®B®H =+ B®H eg,o 1S associative and
1N ® Ny is a preunit.
o satisties:

» B® H is not an algebra.

» For Vigeny, :BO®H — B®H,
ImV = B x£8 H is an algebra.

> pp is a weak action.
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|—2—cocycles and weak crossed products

Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

B ® H is a crossed product if

YPopo  BORH®B®H =+ B®H eg,o 1S associative and
1N ® Ny is a preunit.
o satisfies:
» B® H is not an algebra. » Twisted condition.

» For Vigeny, :BO®H — B®H,
ImV = B x£8 H is an algebra.

> pp is a weak action.
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|—2—cocycles and weak crossed products

Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

B ® H is a crossed product if

YPopo  BORH®B®H =+ B®H eg,o 1S associative and
1N ® Ny is a preunit.
o satisfies:
» B® H is not an algebra. » Twisted condition.

> For Vysen, : B&H— B H, » Cocycle condition.
ImV = B x£8 H is an algebra.
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Towards Sweedler's cohomology for weak Hopf algebras

|—2—cocycles and weak crossed products

Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

B ® H is a crossed product if

YPopo  BORH®B®H =+ B®H eg,o 1S associative and
1N ® Ny is a preunit.
o satisfies:
» B® H is not an algebra. » Twisted condition.

> For Vysen, : B&H— B H, » Cocycle condition.
ImV = B x%8 H is an algebra. » 0 ¢ M(H® H, B).

> pp is a weak action.
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|—2—cocycles and weak crossed products

Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

B ® H is a crossed product if

YPopo  BORH®B®H =+ B®H eg,o 1S associative and
1N ® Ny is a preunit.
o satisfies:
» B® H is not an algebra. » Twisted condition.

> For Vysen, : B&H— B H, » Cocycle condition.
ImV = B x%8 H is an algebra. » ccM(H ® H, B).

> pp is a weak action.
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Towards Sweedler's cohomology for weak Hopf algebras

|—2—cocycles and weak crossed products

Weak crossed products

H is a weak Hopf algebra, B an algebra and p5: H® B — B and
o:H®H — B morphisms.

B ® H is a crossed product if

YPopo  BORH®B®H =+ B®H eg,o 1S associative and
1N ® Ny is a preunit.
o satisfies:
» B® H is not an algebra. » Twisted condition.

> For Vypamy : BOH — B® H, » Cocycle condition.

ImV = B x%8 H is an algebra. » ceM(H ® H, B).
o(nu, H) = o(H,nu) =
eB(H ®18)

(=] = =

v

> pp is a weak action.
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Towards Sweedler's cohomology for weak Hopf algebras
|—2—cocycles and weak crossed products

Equivalent weak crossed products

Definition: Bf$¢H and Bﬁf%H are equivalent if and only if
B x£8 H~ B x78 H.

N



Towards Sweedler's cohomology for weak Hopf algebras
|—2—cocycles and weak crossed products

Equivalent weak crossed products

Definition: B#¥®H and Bﬂf%H are equivalent if and only if
B x£8 H~ B x78 H.

Two weak crossed products B8 H and B#78 H are equivalent if
and only if o and 7 are cohomologous.




Towards Sweedler's cohomology for weak Hopf algebras
|—2—cocycles and weak crossed products

Equivalent weak crossed products

Definition: Bf$¢H and Bﬁf%H are equivalent if and only if
B x£8 H~ B x78 H.

Two weak crossed products Bf£E H and BEYE H are equivalent if

and only if o and 7 are cohomologous.

The equivalence classes of weak crossed products (with invertible
cocycle) are in bijective correspondence with H?(H, B).




Towards Sweedler's cohomology for weak Hopf algebras
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Outline

4. Cleft extensions



Towards Sweedler's cohomology for weak Hopf algebras
|—C|eft extensions

H-extensions of algebras

AcoH ‘A

If Ais an H-comodule algebra define

AR H
-
(A®ML)opa

B < Ais a H-extension if
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Towards Sweedler's cohomology for weak Hopf algebras
|—C|eft extensions

H-extensions of algebras

If Ais an H-comodule algebra define
AcoH ‘A

AR H
-
(A®ML)opa

B < Ais a H-extension if

1. B ~ A%H with inclusion 14 : B — A.




Towards Sweedler's cohomology for weak Hopf algebras
|—Cleﬁz extensions

H-extensions of algebras

If Ais an H-comodule algebra define
AcoH ‘A

AR H
-
(A®ML)opa

B < Ais a H-extension if

1. B ~ A%H with inclusion 14 : B — A.

2. LAO(pBO(H®T]B) = (A®(€HOMH))O((,0AO77A)®H) = €/].




Towards Sweedler's cohomology for weak Hopf algebras
L_Cleft extensions

Another Reg

Let f : H — A be a morphism in C. f € Reg(H, A) if there exists
f~1: H — A such that



Towards Sweedler's cohomology for weak Hopf algebras
L_Cleft extensions

Another Reg

Let f : H — A be a morphism in C. f € Reg(H, A) if there exists
f~1: H — A such that

. f’l/\f:eRR,f/\f = €/[.

eRR — (A

e =

(eH o pr)) o (cH,a ® H)
(eH o pn)) o

(H® (paona))
((paoma) ® H)

= (A®



Towards Sweedler's cohomology for weak Hopf algebras
L_Cleft extensions

Another Reg

Let f : H — A be a morphism in C. f € Reg(H, A) if there exists
f~1: H — A such that

1. fﬁl/\fzeRR, fFAFl=¢g,.
2. FAFANF=F, FINFAFL=FT

err = (A® (enopn))o(cHa® H)o(H® (paona))
et = (A®(enopun))o((paona)® H)
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Towards Sweedler's cohomology for weak Hopf algebras
L_Cleft extensions

Another Reg

Let f : H — A be a morphism in C. f € Reg(H, A) if there exists
f~1: H — A such that

1. fﬁl/\f:eRR, fFAFl=¢g,.
2. FAFfIAFf=F, fFIAfAfT=Ff"L

err = (A® (enopn))o(cHa® H)o(H® (paona))
et = (A®(enopun))o((paona)® H)

Reg(H, A) is a groupoid with
two objects eggr and €.
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Towards Sweedler's cohomology for weak Hopf algebras
L_Cleft extensions

Another Reg

Let f : H — A be a morphism in C. f € Reg(H, A) if there exists
f~1: H — A such that

1. fﬁl/\f:eRR, fFAFl=¢g,.
2. FAFfIAFf=F, fFIAfAfT=Ff"L

err = (A® (enopn))o(cHa® H)o(H® (paona))
et = (A®(enopun))o((paona)® H)

Reg(H, A) is a groupoid with
two objects egg and &y . Fo1




Towards Sweedler's cohomology for weak Hopf algebras
|—Cleﬁz extensions

Cleft H-extensions

The H-extension B < A is cleft if there exits f € Reg(H, A) of
H-comodules and such that f~1 satisfies

1. (A®|_|R)opAof_1:(A®,u,H)o(CH,A®H)o(H®(pAof_l))o5
2. fony=mna,  flonu=na
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Cleft H-extensions

The H-extension B < A is cleft if there exits f € Reg(H, A) of
H-comodules and such that f~1 satisfies

1. (A®MR)opacf—t = (A®un)o(cua®H)o(H®(paof1))od
2. fony=mna  fony=1a

» As B— Ais a
H-extension,

e =taopp(H®ng) so

FAFL = LAOSOB(H®778)-
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|—C|eft extensions

Cleft H-extensions

The H-extension B < A is cleft if there exits f € Reg(H, A) of
H-comodules and such that f~1 satisfies

1. (A®MR)opacf—t = (A®un)o(cua®H)o(H®(paof1))od
2. fony=mna  fony=1a

» As B— Ais a
H-extension, 4

e =taopg(H®nB) so eRR©bAO<,OB(H®nB)

FAFL = LAOSOB(H®7]B)-



Towards Sweedler's cohomology for weak Hopf algebras
L_Cleft extensions

Equivalent H-extensions

If B~ A; and B < A, are H-extensions then T : Ay — A> is a
morphism of extensions if

1. T is of H-comodule algebras.
2. ta, =T oug,.
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L Cleft extensions

Equivalent H-extensions

If B~ A; and B < A, are H-extensions then T : Ay — A> is a
morphism of extensions if

1. T is of H-comodule algebras.

2. ta, =T oug,.
T is an isomorphism of extensions if T : Ay — Ay is an
isomorphism.
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Equivalent H-extensions

If B~ A; and B < A, are H-extensions then T : Ay — A> is a
morphism of extensions if

1. T is of H-comodule algebras.

2. ta, =T oug,.
T is an isomorphism of extensions if T : Ay — Ay is an
isomorphism.

If T:(B<— A1) = (B — Ap) is of H-extensions and B — A; is
cleft then:
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|—C|eft extensions

Equivalent H-extensions

If B~ A; and B < A, are H-extensions then T : Ay — A> is a
morphism of extensions if

1. T is of H-comodule algebras.

2. ta, =T oug,.
T is an isomorphism of extensions if T : Ay — Ay is an
isomorphism.

If T:(B<— A1) = (B — Ap) is of H-extensions and B — A; is
cleft then:

» B < A5 is also cleft.
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Equivalent H-extensions

If B~ A; and B < A, are H-extensions then T : Ay — A> is a
morphism of extensions if

1. T is of H-comodule algebras.

2. ta, =T oug,.
T is an isomorphism of extensions if T : Ay — Ay is an
isomorphism.

If T:(B<— A1) = (B — Ap) is of H-extensions and B — A; is
cleft then:

» B < A5 is also cleft.

» T is an isomorphism.
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Towards Sweedler's cohomology for weak Hopf algebras
L_Cleft extensions

Equivalent H-extensions

If B~ A; and B < A, are H-extensions then T : Ay — A> is a
morphism of extensions if

1. T is of H-comodule algebras.

2. ta, =T oug,.
T is an isomorphism of extensions if T : Ay — Ay is an
isomorphism.

If T:(B<— A1) = (B — Ap) is of H-extensions and B — A; is
cleft then:

» B < A5 is also cleft.

» T is an isomorphism.

We can classify (cleft) H-extensions by isomorphisms of extensions.J
)

Qe



Towards Sweedler's cohomology for weak Hopf algebras
|—C|eft extensions

Cleft extensions and weak crossed products

If B~ Ais a cleft H-extension then B ® H can be endowed with a
normal weak crossed product with invertible cocycle structure such
that A~ B x7_H




Towards Sweedler's cohomology for weak Hopf algebras
|—Cleﬁz extensions

Cleft extensions and weak crossed products

If B < Ais a cleft H-extension then B ® H can be endowed with a
that A~ B x%s H

normal weak crossed product with invertible cocycle structure such

If By, H is a normal weak crossed product with invertible cocycle,
then B < B x H is a cleft extension.




Towards Sweedler's cohomology for weak Hopf algebras
|—C|eft extensions

Classifying weak crossed products

Let H be a cocommutative weak Hopf algebra and B an algebra.
Then the classes of equivalence of cleft H-extensions are in
bijective correspondence with H2(H, B) and with the classes of
equivalence of weak crossed products with invertible cocycle.
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Towards Sweedler's cohomology for weak Hopf algebras
|—C|eft extensions

Muchas gracias
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