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The natural representation of SL(2,Z) associated to a Rational Conformal Field
Theory (RCFT) has been conjectured, by Eholzer, to be t-rational and have a con-
gruence kernel. It is further conjectured by Coste and Gannon a Galois symmetry
of this representation. Some of these conjectures have been proved mathematically
in the context of modular categories via the machinery called generalized Frobenius-
Schur indicators. In this talk, I will report recent progress of these conjectures for
modular categories.
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Modular invariance

Recall that the modular group SL(2,Z) is a group
generated by

s =

[
0 −1
1 0

]
, t =

[
1 1
0 1

]
subject to the relations

(st)3 = s2 and s4 = 1.

Associated to a RCFT is a representation
ρ : SL(2,Z)→ GL(V ), where V is spanned by the
characters χa(τ) of the primary fields a ∈ Π.

If ρ

([
c d
e f

])
= [Mab]Π, then

χa

(
cτ + d
eτ + f

)
=
∑
a∈Π

Mabχb(τ) .
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Fusion Rules and the Verlinde Formula

The free Z-module Z[Π] is a Z-algebra given by the fusion
rules:

a family of non-negative integers Nc
ab (a,b, c ∈ Π) such that

a⊗ b =
∑
c∈Π

Nc
abc .

The identity element 1 is a member of Π

S = ρ(s) and T = ρ(t) are simply called the S and
T -matrices.

Verlinde formula:

Nc
ab =

∑
r∈Π

Sar Sbr Scr

Sr1
.
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Questions on such representations of SL(2, Z)

Question: What can we say about such representations of
SL(2, Z)?

Conjecture [Eholzer]:

(i) A representations of SL(2, Z) associated to a RCFT has
a congruence kernel of level N.

(ii) The representation is QN -rational, i.e. both
S,T ∈ GL(Π,QN).

Conjecture [Coste-Gannon]:

Let ρ : SL(2,Z)→ GL(Π,C) be a representation associated
to a RCFT. For σ ∈ Gal(Q/Q), then σ2ρ is equivalent to ρ.

Partial results on these conjectures were proved in the
contexts of vertex operator algebras, conformal nets, and
modular categories.
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Modular categories

Another formalism of RCFT
Integral ingredient of quantum invariants of knots and
3-manifolds. (cf. Reshetikhin-Turaev)
In short, a modular category is a C-linear semisimple
tensor category C with

(i) Π = Irr(C) finite containing the unit object 1,

(ii) duality V 7→ V ∗ (rigidity), and ,
(iii) a natural isomorphism cV ,W : V ⊗W →W ⊗ V , called a

braiding,
(iv) (a) a spherical pivotal structure j : V → V ∗∗ or (b) twist

θV : V → V . Both are natural isomorphisms.
(v) and a nonsingular S-matrix given by

Sab = quantum trace(cb,a ◦ ca,b) =
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Representations of SL(2,Z) associated to a modular
category

[Vafa] If C is modular, the matrix

T = [δabθa]a,b∈Π

has finite order. Note that θa is a scalar for a ∈ Π.
The assignment ρC : SL(2,Z)→ PGL(Π,C) given by

s 7→ S and t 7→ T ,

defines a projective representation of SL(2,Z).
ρC can be lifted to a linear representation ρ of SL(2,Z):

SL(2,Z)
ρ //

ρC &&

GL(Π,C)

η

��
PGL(Π,C)
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Verlinde Formula for modular categories

Let C be a modular category,

Π the set of isomorphism classes of simple objects of C.
1 ∈ Π denotes the class of unit object.

The fusion rules [Nc
ab]a,b,c∈Π of C is the family of

non-negative integers given by

a⊗ b =
∑
c∈Π

Nc
ab · c .

Let ρ : SL(2,Z)→ GL(Π,C) be a lifting of the canonical
projective representation ρC determined by
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The tensor category Rep(G) revisit

Let G be a finite group. Then C = Rep(G) is a fusion category

over C.

Spherical pivotal structure: the natural isomorphism

j : V → V ∗∗ of vector spaces.

Braiding of C: the flip map τV ,W : V ⊗W →W ⊗ V .

Is Rep(G) modular?

Let Π = {V1, . . . ,Vn} be a complete set of non-isomorphic

irreducible representations of G.

cVj ,Vi ◦ cVi ,Vj = τVj ,Vi ◦ τVi ,Vj = idVi⊗Vj .

Sij = Tr(idVi ,Vj ) = dim Vi dim Vj . S is singular.

Rep(G) is not modular with the ordinary pivotal structure

and braiding.
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An example: Modular category and Weil
Representation

Let G be a finite abelian group of odd order with a
non-degenerate quadratic form q : G→ Q/Z.

q(g) = q(g−1) and bq(g,h) = q(gh)− q(g)− q(h) is a
non-degenerate bilinear map.

C = Rep(C[G]∗)=category finite dimensional G-graded
C-linear spaces.

Note that C[G]∗ is a commutative semisimple Hopf algebra
over C.

C is a fusion category over C with Π = {e(g) | g ∈ G}.
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Modular category and Weil Representation

The dual of e(g) is e(g−1).

braiding ce(g),e(h) : e(g)⊗ e(h)→ e(h)⊗ e(g) is the scalar
exp(2πibq(g,h)/2)

ribbon structure (or twist) θe(g) = exp(2πiq(g)).

Thus T = [δgh exp(2πiq(g))] and

Shg = exp(−2πibq(h,g))

The projective representation of SL(2,Z) associated to C is
equivalent to the Weil representation of associated with the
pair (G,q).
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Weil Representation of (G,q)

Recall the Weil representation of (G,q) is the linear
representation of the metaplectic group Mp(2,Z),

which is a central extension of SL(2,Z) by Z2:

0→ Z2 → Mp(2,Z)→ SL(2,Z)→ 1 .

Mp(2,Z) admits a presentation similar to SL(2,Z):

Mp(2,Z) = 〈s, t | (st)3 = s2, s8 = 1〉 .

The Weil representation ρ : Mp(2,Z)→ GL(G,C) of (G,q)

is given

ρ : s 7→ g(G,q)

|G|
S, t 7→ T

where g(G,q) =
∑

a∈G exp(2πiq(a)) is the Gauss sum.
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Modular categories from Drinfeld doubles

[Müger] Given any spherical fusion category C, the center
Z(C) of C is modular.

If H is a semisimple Hopf algebra, then
Rep(D(H)) = Z(Rep(H)) where D(H) is called the Drinfeld
double of H.

D(H) is generally a non-commutative and
non-cocommutative semisimple Hopf algebra.

If G is abelian, D(G) is again a group algebra C[Ĝ ×G],
and Rep(D(G)) is a modular category.

The associated projective representation of SL(2,Z) is
equivalent to the Weil representation of the pair (Ĝ ×G,q)

where q(χ,a) = χ(a) .
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Generalized Weil representations

Projective representations of SL(2,Z) associated to
modular categories are generalized Weil representations
projectively.

Question:
What arithmetic property does this generalized
Weil representation have?
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Arithmetic Properties of Modular categories

Theorem (Ng and Schauenburg)

Let C be a modular category and ρC : SL(2,Z)→ PGL(Π,C) the
associated projective representation of SL(2,Z).

1 Then ker ρC is a congruence subgroup of level N where
N = ord T .

2 Every lifting ρ of ρC has finite image and is Qm-rational,
where m = ord(ρ(t)).

Remark: [S-Z] established (1) in the case of factorizable
semisimple Hopf algebras.

Question: Will one of these liftings ρ of ρC has
non-congruence kernel?
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Existence of noncongruence subgroups of SL(2,Z)

[Bass-Lazard-Serre, [Mennicke] No noncongruence
subgroup of finite index in SL(n,Z) for n ≥ 3

The exact sequence

0→ ker ρ ∩ Γ(N)→ Γ(N)→ Cn → 0

is insufficient for the congruence of ker ρ (cf. Kurth-Long).
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Galois symmetry of modular categories

Let C be a modular category with Π = Irr(C), and
ρ : SL(2,Z)→ GL(Π,Qm) a lifting of the projective
representation ρC : SL(2,Z)→ PGL(Π,C), where
m = ord ρ(t).

[Coste-Gannon] Suppose s = ρ(s). For σ ∈ Gal(Qm/Q),
there exists a signed permutation matrix Gσ ∈ GL(Π,Qm)

such that

σ(s) = sGσ = G−1
σ s .

Moreover, Gal(Qm/Q)→ GL(Π,C), σ 7→ Gσ, is a group
homomorphism.

[Coste-Gannon] Conjecture: σ2(t) = G−1
σ tGσ.

[S-Z] Affirmative answer for factorizable Hopf algebras.
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Affirmative Answer to the conjectures of Eholzer,
Coste and Gannon

Theorem (Ng)

Let C be a modular category, and ρ : SL(2,Z)→ GL(Π,Qm) a
lifting of the projective representation
ρC : SL(2,Z)→ PGL(Π,C), where m = ord ρ(t).

1 Then ρ has a congruence kernel of level m.

2 If σ ∈ Gal(Qm/Q), then σ2(ρ(g)) = G−1
σ ρ(g)Gσ for all

g ∈ SL(2,Z).

3 In particular, σ2ρ and ρ are equivalent representations.

Remark: This proves the conjectures of Eholzer, Coste and
Gannon completely for modular categories.
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Some applications of Galois symmetry

Let C be an integral modular category.

The quotient p+

p− is a 4-th root of unity, where

p± =
∑
a∈Π

d(a)2θ±1
a

are the Gauss sums of C.

In particular, if H is semisimple quasi-Hopf algebra, the
quotient p+

p− is a 4-th root of unity.
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The end

Thanks for your attention!
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