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The talk is based on a joint work with A. Lochmann and L. Vendramin. We
classify Nichols algebras of irreducible Yetter-Drinfeld modules over groups under the
assumption that the underlying rack is braided and the homogeneous component of
degree three of the Nichols algebra satisfies a given inequality. This assumption turns
out to be equivalent to a factorization assumption on the Hilbert series. Besides
the known Nichols algebras, a new example is obtained. The proof is based on a
combinatorial invariant of the Hurwitz orbits with respect to the action of the braid
group on three strands.
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Nichols algebras
k : some field; all appearing tensor products are over k

V : vector space over k

c ∈ Aut(V ⊗ V ) satisfying the braid relation

(V , c) is called a braided vector space

TV : tensor algebra, has unique braiding
c ∈ Aut(TV ⊗ TV ) extending c ∈ Aut(V ⊗ V )

TV ⊗ TV is an algebra with
(a ⊗ b)(x ⊗ y) =

∑
ax ′ ⊗ b′y for a, b, x , y ∈ TV , where∑

x ′ ⊗ b′ = c(b ⊗ x)

TV has unique comultiplication ∆ such that
∆(1) = 1⊗ 1, ∆(v) = 1⊗ v + v ⊗ 1 for all v ∈ V , ∆ is
an algebra map

TV is a Hopf algebra in the braided sense
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Nichols algebras

I (V ) ⊆ ⊕∞n=2T
nV : maximal two-sided coideal

I (V ) is an N0-graded Hopf ideal

B(V ) = TV /I (V ) is a graded braided Hopf algebra,
called the Nichols algebra of V .

There are many equivalent characterizations (e.g.
cotensor coalgebra, quantum symmetrizers).

The Hilbert series of B(V ) is the formal power series

HB(V )(t) =
∞∑
n=0

dimk B(V )(n)tn.
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Examples
Examples: symmetric algebra of V , exterior algebra of
V , positive part of a quantized enveloping algebra of a
Kac-Moody Lie algebra (q not a root of 1), positive part
of a small quantum group

In these cases c is of diagonal type: there is a basis
(xj)j∈J of V and scalars qij , i , j ∈ J with
c(xi ⊗ xj) = qijxj ⊗ xi for all i , j .

Example 1.
V = spank{x1, x2}, c(xi ⊗ xj) = qijxj ⊗ xi , p, r , ζ ∈ k×,

(qij) =

(
p r

p−1r−1 ζ

)
, ζ2 + ζ + 1 = 0, assume N :=

min{m ∈ N | (m)p := 1 +p +p2 + · · ·+pm−1 = 0} <∞.
B(V ) = TV /(x1x12 − prx12x1, x

N
1 , x

3
2 ),

x12 = x1x2 − rx2x1.
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Questions
known (for diagonal type):

1 PBW type theorem due to Kharchenko

2 criterion for dimk B(V ) <∞
3 criterion for finiteness of the set of PBW generators

4 defining relations (recent, see talk of Angiono)

these facts are used in the celebrated classification of
pointed Hopf algebras by Andruskiewitsch & Schneider

not known:

1 liftings, especially if qii is a root of 1 of small order

2 structure and dimension of B(V ) if c is not of
diagonal type, especially if it comes from a
Yetter-Drinfeld structure of V over a finite group
(except a few special cases)
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Example 2.
(Milinski-Schneider, Fomin-Kirillov) 3 ≤ n ≤ 5, G = Sn,
g = (12), G g = S2 ×Sn−2 ⊆ Sn, Vg = kv ,
(i j)v = −v for all (i j) ∈ S2 ×Sn−2, V = M(g ,Vg ).

V = spank{vs | s = (i j) with 1 ≤ i < j ≤ n}, vs ∈ Vs ,
hvs = sgn(h)vhsh−1 for all h ∈ G , s a transposition.

B(V ) = TV /I (V ), I (V ) is the ideal generated by

v 2
(i j), |{i , j}| = 2,

v(i j)v(k l) + v(k l)v(i j), |{i , j , k , l}| = 4,

v(i j)v(j k) + v(j k)v(k i) + v(k i)v(i j), |{i , j , k}| = 3.
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Example 3.
(H., Lochmann, Vendramin) X = (AdA4)(2 3 4) ⊆ A4

= {g1 = (2 3 4), g2 = (1 4 3), g3 = (1 2 4), g4 =
(1 3 2)} ⊆ A4, G = GX , G g1 = 〈g1, g2g4〉,
V = spank{a, b, c , d},
Vg1 = ka, Vg2 = kb, Vg3 = kc , Vg4 = kd ,
g1a = ζa, g2g4a = −ζ2a, ζ2 + ζ + 1 = 0.

B(V ) = TV /I (V ), I (V ) is the ideal generated by
a3, b3, c3, d3,
ab − ζca + ζ2bc , ac − ζda + ζ2cd , ad − ζba + ζ2db,
bd + ζcb + ζ2dc , + a homogeneous relation of degree 6.

dimB(V ) = 5184.
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Nichols algebra criterion

Given a Hopf ideal I ⊆ TV , how to know that
I = I (V )?

Theorem. (Andruskiewitsch, Graña, ’03) Let
V ∈ G

GYD and let I ⊆ TV be an N0-graded Hopf ideal
of TV in G

GYD such that I ∩ k = I ∩ V = 0. Let
m ∈ N0. Assume that

dimTmV /(I ∩ TmV ) = 1,

dimT nV /(I ∩ T nV ) = 0 for all n > m.

If B(V )(m) 6= 0 then I = I (V ).
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Racks
Suppose that V is a f.d. Yetter-Drinfeld module over a
group G : V ∈ kG −mod, V = ⊕g∈GVg , hVg = Vhgh−1

for all g , h ∈ G .

X = suppV := {g ∈ G |Vg 6= 0}. For all x , y ∈ X let

x . y = xyx−1.

Then . : X × X → X and for all x , y , z ∈ X we have

1 x . (y . z) = (x . y) . (x . z), and

2 ϕx : X → X , u 7→ x . u is bijective.

Such sets are called racks or automorphic sets (due to
Brieskorn).

The group GX = 〈X 〉/(xy = (x . y)x | x , y ∈ X ) is called
the enveloping group of X .
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Hurwitz action

Let X be a rack and n ∈ N.

The Artin braid group Bn of type A acts on X n via

σi(x1, . . . , xn) = (x1, . . . , xi−1, xi . xi+1, xi , xi+2, . . . , xn)

for all x1, . . . , xn ∈ X . It is called the Hurwitz action of
Bn, the orbits are called the Hurwitz orbits.

There is only very little known on the structure of
Hurwitz orbits (subgroups of the braid group), even for
B3.

Given a 2-cocycle on X , one can define a braided vector
space V graded by X .

Then c(Vg ⊗ Vh) = Vg.h ⊗ Vg for all g , h ∈ X .
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Nichols algebras
V : Yetter-Drinfeld module over a group G

Fact (Andruskiewitsch, Schneider): B(V ) depends as an
algebra and coalgebra on the braiding of V , but not on
the G -grading and the kG -module structure.

We may assume: G is generated by X := suppV .

Fact: (Andruskiewitsch, Fantino, Graña, Vendramin)
B(V ) is infinite dimensional for almost all sporadic
simple groups G and almost all simple V

Fact: (Schauenburg) B(V )(n) = T nV / kerSn,
Sn ∈ End(T nV ) (quantum symmetrizer) depends on the
braiding.

T nV with n ≥ 2 decomposes into subspaces graded by
Hurwitz orbits. Estimates of the rank of Sn on such
subspaces give estimates of the Hilbert series of B(V ).
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Known examples

Table: Known examples of f.d. Nichols algebras (V simple)

dimV dimB(V ) Hilbert series origin
1 N (N)t
3 12 (2)2

t (3)t MS, FK
3 432 (3)t(4)t(6)t(6)t2 HS (chark = 2)
4 36 (2)2

t (3)2
t GHV (chark = 2)

4 72 (2)2
t (3)t(6)t AG (chark 6= 2)

4 5184 (6)4
t (2)2

t2 HLV
5 1280 (4)4

t (5)t AG (twice)
6 576 (2)2

t (3)2
t (4)2

t MS, FK (twice)
6 576 (2)2

t (3)2
t (4)2

t AG
7 326592 (6)6

t (7)t G (twice)
10 8294400 (4)4

t (5)2
t (6)4

t FK, GG
10 8294400 (4)4

t (5)2
t (6)4

t G
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Observation: All Hilbert series factorize into products of
polynomials of the form
(m)tr = 1 + t r + t2r + · · ·+ t(m−1)r , m, r ∈ N.

Open problems:

• Does the Hilbert series of B(V ) always factorize in
this way? (True for all known examples.)

• If so, is it possible to use this information to
calculate the Hilbert series without determining an
explicit basis of B(V )?
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First classification

Theorem. (Graña, H., Vendramin) G group,
V ∈ G

GYD f.d. absolutely irreducible, G = 〈suppV 〉,
d = dimV . The following assertions are equivalent.

1 dimB(V )(2) ≤ d(d + 1)/2.

2 dim ker(1V⊗V + c) ≥ d(d − 1)/2, where
c ∈ Aut(V ⊗ V ).

3 There are n1, n2, . . . , nd ∈ Z≥2 such that

HB(V )(t) = (n1)t(n2)t · · · (nd)t .

4 V is contained in a given list.

For all these examples we have dimVg = 1 for
g ∈ suppV .

(4)⇒(3): computer algebra. (3)⇒(2)⇒(1) trivial.
Difficult part: (1)⇒(4).
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Sketch of proof

1. Work with the enveloping group GX , X = suppV ,
instead of G . Let g ∈ X .

2. For any Hurwitz orbit of X 2,
dimk I (V ) ∩ T 2V ≤ (dimVg )2.

For v ∈ Vs , w ∈ Vt , we have
v⊗w−c(v⊗w)+c2(v⊗w)−· · ·+(−1)kck(v⊗w) ∈ I (V )
if and only if (−1)k+1ck+1(v ⊗ w) = v ⊗ w .

3. dimB(V )(2) ≤ d(d+1)
2

implies that there are at most
6 Hurwitz orbits of X 2 of length > 2 containing (g , h)
for some h ∈ G . Such racks can be classified.

dimB(V )(2) ≤ d(d+1)
2

and dimVg > 1 imply that G g is
abelian. Since V is absolutely irreducible, this is a
contradiction. It follows that dimVg = 1.
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For v ∈ Vs , w ∈ Vt , we have
v⊗w−c(v⊗w)+c2(v⊗w)−· · ·+(−1)kck(v⊗w) ∈ I (V )
if and only if (−1)k+1ck+1(v ⊗ w) = v ⊗ w .

3. dimB(V )(2) ≤ d(d+1)
2

implies that there are at most
6 Hurwitz orbits of X 2 of length > 2 containing (g , h)
for some h ∈ G . Such racks can be classified.

dimB(V )(2) ≤ d(d+1)
2

and dimVg > 1 imply that G g is
abelian. Since V is absolutely irreducible, this is a
contradiction. It follows that dimVg = 1.
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Second classification

Theorem. (H., Lochmann, Vendramin) G group,
V ∈ G

GYD f.d. absolutely irreducible, G = 〈suppV 〉,
d = dimV . Suppose that for all x , y ∈ X we have
x . y = y or x . (y . x) = y . The following assertions are
equivalent.

1 dim ker(1 + c12 + c12c23) ≥ d(d2 − 1)/3.

2 There exist r ∈ N0, n1, . . . , nd , m1, . . . ,mr ∈ Z≥2

with

HB(V )(t) =
d∏

i=1

(ni)t

r∏
j=1

(mj)t2 .

3 V is contained in a given list.

Then dimVg = 1 for all g ∈ X .

(3)⇒(2): Computer algebra. (2)⇒(1) trivial. Difficult
part: (1)⇒(3).
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Sketch of proof.

1. Work with the enveloping group GX , X = suppV ,
instead of G .

2. There exist 7 isoclasses of Hurwitz orbits of X 3

(follows from the assumption on X ). The multiplicity of
an isoclass in X 3 depends of X . and can be calculated
from elementary data of X .

3. Decompose T 3V into direct summands graded by
Hurwitz orbits. By using plagues of directed colored
graphs one can get good upper bounds for
dimk ker(1 + c12 + c12c23).

4. (1) and the estimates in 3. give restrictions on X .
Such X can be classified. The rest is similar to the proof
of the previous theorem.
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