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It is known that a dual quasi-bialgebra with antipode H, i.e. a dual quasi-Hopf
algebra, fulfils a fundamental theorem for right dual quasi-Hopf H-bicomodules. The
converse in general is not true. We prove that, for a dual quasi-bialgebra H, the
structure theorem amounts to the existence of a suitable endomorphism S of H that
we call a preantipode of H. This is based on joint work with Alice Pavarin (Univ.
of Padova, Italy), see arXiv:1012.1956.
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This talk is based on a joint work
with Alice Pavarin (Univ. of Padova, ltaly):

[@ A. Ardizzoni, A. Pavarin, Preantipodes for Dual Quasi-Bialgebras, lIsrael J.
Math., to appear. (arXiv:1012.1956)
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Our aim is to extend the the following well-known result to the setting of
dual quasi-bialgebras.

University of Ferrara) Preantipodes for dual quasi-bialgebras July 4-8, 2011 3/17



Our aim is to extend the the following well-known result to the setting of
dual quasi-bialgebras.

Let H be a bialgebra over a field k and set

e M = category of vector spaces,
o M = category of right Hopf modules.
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Our aim is to extend the the following well-known result to the setting of
dual quasi-bialgebras.

Theorem

Let H be a bialgebra over a field k and set
e M = category of vector spaces,
o M = category of right Hopf modules.
TFAE:

(1) the functor (=) ® H : M — M is an equivalence of categories;
(2) H has an antipode i.e. it is a Hopf algebra.
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Our aim is to extend the the following well-known result to the setting of
dual quasi-bialgebras.

Theorem

Let H be a bialgebra over a field k and set
e M = category of vector spaces,
o M = category of right Hopf modules.

TFAE:

(1) the functor (=) ® H : M — M is an equivalence of categories;
(2) H has an antipode i.e. it is a Hopf algebra.

Implication (2) = (1) is the so-called structure (or fundamental)
theorem for Hopf modules, which is due, in the finite-dimensional case,
to Larson and Sweedler.

@ R. G. Larson, M. E. Sweedler, An associative orthogonal bilinear form for
Hopf algebras. Amer. J. Math. 91 (1969), 75-94.
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Now, observe that, since H is a bialgebra,
o M is a monoidal category,
@ H is an algebra in this category,
o MH = (MmH)y is the category of right H-modules in 9.
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A monoidal category [Bénabou, 1963] (.#,®,1,a,/,r) is a category .#

endowed with a functor ® : # x .# — 4 (tensor product), an object
1 € .# (unit of .#) and functorial isomorphisms:

axyz: (X®@Y)®Z—=+X®(Y®Z) (associativity constraint,)
Ix:1X =X, r: X®1-=X (unit constraints),

such that the following diagrams commute.

((U&V)@W)@);UJ:)EUéLQ(V@W)@X (vw)gwu Vel W)
(UsV)e(WeX) U (Ve W)z X) vew
UV .wex U‘X-’v.wx/
U@(V@(W@%
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A monoidal category [Bénabou, 1963] (.#,®,1,a,/,r) is a category .#
endowed with a functor ® : # x .# — 4 (tensor product), an object
1 € .# (unit of .#) and functorial isomorphisms:

axyz: (X®@Y)®Z—=+X®(Y®Z) (associativity constraint,)
Ix:1X =X, r: X®1-=X (unit constraints),

such that the following diagrams commute.

ay v weX av 1w
(UaV)eW)eX —— (Ua(VeW))eX (Vel)eW — > Va(laW)
ﬂ}li}v;w.x -‘*U.va\v: ’v$>\ %i"w
VoW
(Us V) (WeX) Ua(VeW)eX)
AUV, wex Usay w x

U (Ve (WeX))

The notions of algebra and module over an algebra can be introduced in
the general setting of monoidal categories.
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Now consider the following data:
e (H,A, &) = coalgebra,
e m: H® H — H = coalgebra map (multiplication),
e u:k — H = coalgebra map (unit) - we set 1 := u(1y),
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Now consider the following data:
e (H,A, &) = coalgebra,
e m: H® H — H = coalgebra map (multiplication),
e u:k — H = coalgebra map (unit) - we set 1 := u(1y),

Consider the category 9" of right H-comodules. Then,
o YM,N € M", we have that M@ N € M through

x®y = (x0®y0) ®x1y1,

where xg ® x; = p,(x), summation understood;
o k € M with structure k — k®1p.

A. Ardizzoni (University of Ferrara) Preantipodes for dual quasi-bialgebras July 4-8, 2011



Now consider the following data:
e (H,A, &) = coalgebra,
e m: H® H — H = coalgebra map (multiplication),
e u:k — H = coalgebra map (unit) - we set 1 := u(1y),

Consider the category 9" of right H-comodules. Then,
o YM,N € M", we have that M@ N € M through

x®y = (x0®y0) ®x1y1,

where xg ® x; = p,(x), summation understood;
o k € M with structure k — k®1p.

It is well-known that the datum (93?"",@,]]«), with the structures above,
becomes a monoidal category if and only if H is a dual quasi-bialgebra
(Majid, 1990).
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This means that there exists a map @ : H®3 — k such that
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This means that there exists a map @ : H®3 — k such that

@ o is a unital 3-cocycle i.e. it is convolution invertible and

o(HoHem)*o(meH®H) = my(e@o)xo(HImH)xmy(0o®E)
wheokl) = e(h)e(k)e(l),if 1€ {hk,I}.
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This means that there exists a map @ : H®3 — k such that

@ o is a unital 3-cocycle i.e. it is convolution invertible and

o(HoHem)*o(meH®H) = my(e@o)xo(HImH)xmy(0o®E)
wheokl) = e(h)e(k)e(l),if 1€ {hk,I}.

@ m is quasi-associative and unitary i.e. it satisfies

m(H®m)* oxm(m®H),
m(ly®h) = h, forall he H,
m(h®1y) = h, forall he H.

o is called the reassociator of the dual quasi-bialgebra.
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This means that there exists a map @ : H®3 — k such that

@ o is a unital 3-cocycle i.e. it is convolution invertible and

o(HoHem)*o(meH®H) = my(e@o)xo(HImH)xmy(0o®E)
ohekal) = e(he(k)e(l),if 1y € {hk,I}.

@ m is quasi-associative and unitary i.e. it satisfies

mHam)xow = o+xm(meH),
m(ly®h) = h, forall he H,
m(h®1y) = h, forall he H.

o is called the reassociator of the dual quasi-bialgebra.

This notion is dual to the one of quasi-bialgebra, introduced by Drinfeld in
1989, in connection with some system of partial differential equations.
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Let (H,A,&e,m,u,®) be a dual quasi-bialgebra.
Unlike the classical case, H is not an algebra in the monoidal category 9t".
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Let (H,A,&e,m,u,®) be a dual quasi-bialgebra.
Unlike the classical case, H is not an algebra in the monoidal category 9t".

Nevertheless H is an algebra in the category 9" of H-bicomodules,
which comes out to be monoidal too.
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Let (H,A,&e,m,u,®) be a dual quasi-bialgebra.
Unlike the classical case, H is not an algebra in the monoidal category 9t".

Nevertheless H is an algebra in the category 9" of H-bicomodules,

which comes out to be monoidal too.
Thus we can define the category of right dual quasi-Hopf H-bicomodules by

Hg‘RH — (HD:RH)H.
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Let (H,A,&e,m,u,®) be a dual quasi-bialgebra.
Unlike the classical case, H is not an algebra in the monoidal category 9t".

Nevertheless H is an algebra in the category 9" of H-bicomodules,

which comes out to be monoidal too.
Thus we can define the category of right dual quasi-Hopf H-bicomodules by

Hoplt .— (MamH) .
There is a functor F := (=)@ H : #9t — Hah, with structures, for every
VeHlmH veVv, hleH,
Prv)(v®h) = v 1 @ (v hy),
Prv)(v@h) = (v h)® h,,
e (v h)@l)=(veh)l = 0 N (vo1®h ®h)vo® hob.

A. Ardizzoni (University of Ferrara) Preantipodes for dual quasi-bialgebras July 4-8, 2011



Let (H,A,&e,m,u,®) be a dual quasi-bialgebra.
Unlike the classical case, H is not an algebra in the monoidal category 9t".

Nevertheless H is an algebra in the category 9" of H-bicomodules,
which comes out to be monoidal too.
Thus we can define the category of right dual quasi-Hopf H-bicomodules by

Homtt .— (oM.

There is a functor F := (=)@ H : #9t — Hah, with structures, for every
VeHlmH veVv, hleH,

Prv)(v®h) = v 1 @ (v hy),

p,f-(v)(v®h) =(v®h)® hy,

e (v h)@l)=(veh)l = 0 N (vo1®h ®h)vo® hob.
When o is trivial, i.e. H is an ordinary bialgebra, it can be proved that
F is an equivalence < H has an antipode.

Hence the functor F is a natural substitute for the functor
(—)®H : 9 — MK considered at the beginning.
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Hence our aim is to establish when the functor
F:=(-)®H:Hm — HM is an equivalence of categories.
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Hence our aim is to establish when the functor
F:=(-)®H:Hm — HM is an equivalence of categories.

The following result is the right-handed version of Lemma 2.1 in [Sch].

[§ [Sch] P. Schauenburg, Two characterizations of finite quasi-Hopf algebras. J.
Algebra 273 (2004), no. 2, 538-550.
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Hence our aim is to establish when the functor
F:=(-)®H:Hm — HM is an equivalence of categories.

The following result is the right-handed version of Lemma 2.1 in [Sch].

[§ [Sch] P. Schauenburg, Two characterizations of finite quasi-Hopf algebras. J.
Algebra 273 (2004), no. 2, 538-550.

The functor F : "9 — HOM! has a right adjoint functor G := (—)°H,
The counit and the unit of the adjunction are given by

e MHQH M, ey(x®h):=xh and by

1’]/\/:/\/—>(N®H)C0H, n,\/(n) =n®ly,

for every M € Hontl and N € Hont.
Moreover ny is an isomorphism for any N € "9t
Equivalently, the functor F is full and faithful.

July 4-8, 2011
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Next result characterizes when the functor F is an equivalence of categories
in terms of the existence of a suitable map 7.
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Next result characterizes when the functor F is an equivalence of categories
in terms of the existence of a suitable map 7.

Let (H,A,e,m,u,®) be a dual quasi-bialgebra. TFAE.
(i) The functor F : "9t — HomM is an equivalence of categories.
(i) YM € HOmt there exists a k-linear map ©: M — MH such that:

t(mh) = o [t(mg)_1®@m@h|t(mg)o, forallh€ Hme M,
m_; ®7(mg)
T(mo)ml

T(mo)_1m1®f(m0)o, for all m e M,
mVYme M.
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Next result characterizes when the functor F is an equivalence of categories
in terms of the existence of a suitable map 7.

Let (H,A,e,m,u,®) be a dual quasi-bialgebra. TFAE.

(i) The functor F : "9t — HomM is an equivalence of categories.
(i) YM € HOmt there exists a k-linear map ©: M — MH such that:

t(mh) = o [t(mg)_1®@m@h|t(mg)o, forallh€ Hme M,
m_1 ®@1t(mg) = t(mg)_1m ®t(mg)o, for all me M,
t(mg)my = mVYme M.

~1 coH
(1) = (ii). Set T:= (Mﬂ)McoH@)H M= ®e /\//C°H>-

(ii):>(i). Set 8,\7, .—<MHM®HHMCOH®H>
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Now, for .# a monoidal category and A an algebra in .#, there is a functor

T =(-)A: M — Ma.
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Now, for .# a monoidal category and A an algebra in .#, there is a functor
T =(-)A: M — Ma.
For all M € ., the right A-module structure of T(M) =M ® A is given by

aM.A A M@ma

(MRA)RA

M (AR A)

M®A.
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Now, for .# a monoidal category and A an algebra in .#, there is a functor
T =(-)A: M — Ma.
For all M € ., the right A-module structure of T(M) =M ® A is given by

aM.A A M@ma

(MRA)RA

M (AR A)

M®A.
For . :=H9M" and A:= H, we get the functor

T:=(-)oH: ot - Honll,
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Now, for .# a monoidal category and A an algebra in .#, there is a functor
T =(-)A: M — Ma.
For all M € ., the right A-module structure of T(M) =M ® A is given by

aM.A A M@ma

(MRA)RA

M (AR A)

M®A.
For . :=H9M" and A:= H, we get the functor
T:=(=)oH:"mHl - .

Explicitly, the structure of T(M) is given as follows, for all M ¢ HontH:

PhisH(x®h) © =x_1h ® (x® ho),
PueH(x®h) © =(xo®h)@xh,
(X®h)/ : :a)*l(x_1®h1®/1)x0®h2/2a)(x1®h3®l3).
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Consider the functor T := (=) ®H : " — Hol as above and set
H&H = T(°H*) € "om}i,

where in °H*® the empty dot denotes the trivial left H-comodule structure
and the full dot denotes the right coaction given by the comultiplication A.
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Consider the functor T := (=) ®H : " — Hol as above and set
H®H = T(°H") € "o},

where in °H*® the empty dot denotes the trivial left H-comodule structure
and the full dot denotes the right coaction given by the comultiplication A.

Explicitly, for h, k,/ € H, the structure of HQH is given by

pL (k) = (b @ k1) @ ok,
Pran(h®k) =k @h® ks,
(h@k)/ = ®k1/1(1)(h2 Q ko ®/2)
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Consider the functor T := (=) ®H : " — Hol as above and set
H®H = T(°H") € "o},

where in °H*® the empty dot denotes the trivial left H-comodule structure
and the full dot denotes the right coaction given by the comultiplication A.

Explicitly, for h, k,/ € H, the structure of HQH is given by

pL (k) = (b @ k1) @ ok,
Pran(h®k) =k @h® ks,
(h@k)/ = ®k1/1(1)(h2 Q ko ®/2)

We are now able to state our main theorem.
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Theorem (Main)

For a dual quasi-bialgebra (H,m,u,A &, ®), TFAE.
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Theorem (Main)

For a dual quasi-bialgebra (H,m,u,A &, ®), TFAE.

(i) The functor F : "9t — HonM is an equivalence of categories.
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Theorem (Main)

For a dual quasi-bialgebra (H,m,u,A &, ®), TFAE.

(i) The functor F : "9t — HonM is an equivalence of categories.
(ii) eyay: (HOH) " ® H — H®H is a bijection.
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Theorem (Main)

For a dual quasi-bialgebra (H,m,u,A &, ®), TFAE.
(i) The functor F : "9t — HonM is an equivalence of categories.
(ii) eyay: (HOH) " ® H — H®H is a bijection.
(iii) There exists k-linear map S : H — H such that, for all h € H,
5(/71)1/12 & S(hl)z = 1H (%) S(h),

5(/12)1 (%9 h15(h2)2 = S(h) ®R1y,
(J)(hl ®5(h2) X h3) = S(h)
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Theorem (Main)

For a dual quasi-bialgebra (H,m,u,A &, ®), TFAE.
(i) The functor F : "9t — HonM is an equivalence of categories.
(ii) eyay: (HOH) " ® H — H®H is a bijection.
(iii) There exists k-linear map S : H — H such that, for all h € H,
5(/71)1/12 ®S(h1)2 = 1H ®S(h),

5(/12)1 (%9 h15(h2)2 = S(h) ®R1y,
a)(h1 ®5(h2) X h3) = S(h)

A map S as above will be called a preantipode for the dual quasi-bialgebra.
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Theorem (Main)

For a dual quasi-bialgebra (H,m,u,A &, ®), TFAE.
(i) The functor F : "9t — HonM is an equivalence of categories.
(ii) eyay: (HOH) " ® H — H®H is a bijection.
(iii) There exists k-linear map S : H — H such that, for all h € H,
5(/71)1/12 ®S(h1)2 = 1H ®S(h),

5(/12)1 (%9 hls(h2)2 = S(h) ®R1y,
(D(hl ®5(h2) X h3) = S(h)

A map S as above will be called a preantipode for the dual quasi-bialgebra.

Note that, in order to prove (iii) = (i), for any M € 0t one defines a
map T: M — MeoH, by setting, for every m € M,

T(m) = (D[m_l ®5(m1)1 X mg]mOS(ml)g.
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Definition (Majid)
A dual quasi-Hopf algebra (H,m,u,A &, ,s,o, ) is a dual quasi-bialgebra
(H,m,u,A, &, ®) endowed with a coalgebra anti-homomorphism

s:H—H
and two maps «, 8 in H*, such that, for all h € H:

hiB(h2)s(hs) = B(h)1n, s(h)a(hz2)hs = a(h)1n,
o(h @ B(ho)s(hs)au(hs) @ hs) = e(h) =@ *(s(h)® a(hy)hsf(hs) @ s(hs)).

The map s is called an antipode for the dual quasi-bialgebra.
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Definition (Majid)
A dual quasi-Hopf algebra (H,m,u,A &, ,s,o, ) is a dual quasi-bialgebra
(H,m,u,A, &, ®) endowed with a coalgebra anti-homomorphism

s:H—H
and two maps «, 8 in H*, such that, for all h € H:

hiB(h2)s(hs) = B(h)1n, s(h)a(hz2)hs = a(h)1n,
o(h @ B(ho)s(hs)au(hs) @ hs) = e(h) =@ *(s(h)® a(hy)hsf(hs) @ s(hs)).

The map s is called an antipode for the dual quasi-bialgebra.

Let (H,m,u,A e, m,s,0,B) be a dual quasi-Hopf algebra. Then

S =Bx*sxa

is a preantipode. Here x denotes the convolution product.
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As a corollary, we recover the right-handed version of [Sch, Corollary 2.7]:
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As a corollary, we recover the right-handed version of [Sch, Corollary 2.7]:

Let (Hym,u,A e, 0,s,a,B) a dual quasi-Hopf algebra.
Then the functor F : "9t — H9nM is an equivalence of categories i.e.
the structure theorem for right dual quasi-Hopf H-bicomodules holds.
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As a corollary, we recover the right-handed version of [Sch, Corollary 2.7]:

Let (Hym,u,A e, 0,s,a,B) a dual quasi-Hopf algebra.
Then the functor F : "9t — H9nM is an equivalence of categories i.e.
the structure theorem for right dual quasi-Hopf H-bicomodules holds.

H has antipode = H has preantipode < F is an equivalence. O
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As a corollary, we recover the right-handed version of [Sch, Corollary 2.7]:

Let (Hym,u,A e, 0,s,a,B) a dual quasi-Hopf algebra.
Then the functor F : "9t — H9nM is an equivalence of categories i.e.
the structure theorem for right dual quasi-Hopf H-bicomodules holds.

H has antipode = H has preantipode < F is an equivalence.

Remark

In the following paper, there is an example of a dual quasi-bialgebra H
which has no antipode but such that the functor F is still an equivalence.
Thus H has preantipode # H has an antipode , in general.

BN Schauenburg, Hopf algebra extensions and monoidal categories. New
directions in Hopf algebras, 321-381, Math. Sci. Res. Inst. Publ.,43,
Cambridge Univ. Press, Cambridge, 2002.

\
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Let 6: G x G x G —k\{0} be a normalized 3-cocycle on a group G i.e.

vg’h’k7/EG7 9(g7167h) — 1
6 (h,k,1)6 (g, hk,1)6(g,h, k) 0 (g, h k)0 (gh k,I).
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Let 6: G x G x G —k\{0} be a normalized 3-cocycle on a group G i.e.

vg"h’l(7/EG7 9(g71G7h) — 1
0(h.k,1 0 (g, hk,1 0 (g, h.k) = (g h k)6 (gh k).

Then 6 can be extended by linearity to a reassociator @ making kG a dual
quasi-bialgebra with usual underlying algebra and coalgebra structures.
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Let 6: G x G x G —k\{0} be a normalized 3-cocycle on a group G i.e.

Vg, h k,l € G, 0(g,1g,h) = 1
0(h,k,1)0(g,hk,1)O0(g,h,k) = 6(g,h,kl)O(gh,k,I).
Then 6 can be extended by linearity to a reassociator @ making kG a dual
quasi-bialgebra with usual underlying algebra and coalgebra structures.
In fact kG is a dual quasi-Hopf algebra with structure maps

a(g) =1k, B(g)=[w(g.g '.g)l 'ands(g):=g !, Vgehl.

A. Ardizzoni (University of Ferrara) Preantipodes for dual quasi-bialgebras July 4-8, 2011 16 / 17



Let 6: G x G x G —k\{0} be a normalized 3-cocycle on a group G i.e.

vg’h’k7/EG7 9(g71G7h) — 1
0(h.k,1 0 (g, hk,1 0 (g, h.k) = (g h k)6 (gh k).

Then 6 can be extended by linearity to a reassociator @ making kG a dual
quasi-bialgebra with usual underlying algebra and coalgebra structures.

In fact kG is a dual quasi-Hopf algebra with structure maps

a(g) =1k, B(g)=[w(g.g '.g)l 'ands(g):=g !, Vgehl.

By the foregoing, S := B xsx« is a preantipode on kG so that

S(g)=[w(g,g".g)] 'g ", forallgeG.
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Let 6: G x G x G —k\{0} be a normalized 3-cocycle on a group G i.e.

vg’h’k7/EG7 9(g71G7h) — 1
0(h.k,1 0 (g, hk,1 0 (g, h.k) = (g h k)6 (gh k).

Then 6 can be extended by linearity to a reassociator @ making kG a dual
quasi-bialgebra with usual underlying algebra and coalgebra structures.

In fact kG is a dual quasi-Hopf algebra with structure maps
a(g) =1k, B(g)=[w(g,g7".g)" ands(g):=g~!, VgeGC.
By the foregoing, S := B xsx« is a preantipode on kG so that
S(g)=[w(g,g".g)] 'g ", forallgeG.

Note that, unlike the antipode, this preantipode is not a coalgebra
anti-homomorphism.
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Work in progress

Definition
Let H and A be dual quasi-bialgebras endowed with morphisms of dual

quasi-bialgebras
oc:H—A and n:A—H

such that Too =1j.
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Work in progress

Definition
Let H and A be dual quasi-bialgebras endowed with morphisms of dual
quasi-bialgebras

o:H—=A and T:A—H

such that Too =1j.
Then (A,H,0,m) is called a dual quasi-bialgebra with projection onto H.

v
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Work in progress

Definition
Let H and A be dual quasi-bialgebras endowed with morphisms of dual

quasi-bialgebras
oc:H—A and n:A—H

such that Too =1j.
Then (A,H,0,m) is called a dual quasi-bialgebra with projection onto H.

v

For (A,H,0, ™) as above, one easily proves that A € "Mt through

paa)=a1@n(ar),  pa(a)=m(a))®ap,  pp(awh) =ac(h).
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Definition

Let H and A be dual quasi-bialgebras endowed with morphisms of dual
quasi-bialgebras
oc:H—A and n:A—H

such that Too =1j.
Then (A,H,0,m) is called a dual quasi-bialgebra with projection onto H.

v

For (A,H,0, ™) as above, one easily proves that A € "Mt through
pa(a) =a@a(a),  paa)=7n(a)®a,  pa(awh) =ac(h).

If H has preantipode, then A= A" © H as objects in Hi)ﬁﬂ.
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Work in progress

Definition
Let H and A be dual quasi-bialgebras endowed with morphisms of dual

quasi-bialgebras
oc:H—A and n:A—H

such that Too =1j.
Then (A,H,0,m) is called a dual quasi-bialgebra with projection onto H.

v

For (A,H,0, ™) as above, one easily proves that A € "Mt through
pa(d)=a®n(az),  pa(a)=n(a)®a,  pp(a®wh) =ac(h).
If H has preantipode, then A= A" © H as objects in Hi)ﬁﬂ.

Next aim is to investigate the dual quasi-bialgebra structure on A" @ H.
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