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The Lifting Method of Andruskiewitsch and Schneider is the leading method to
classify pointed Hopf algebras [AS]. It involves as an inicial step to know for which
braided vector spaces their associated Nichols algebra is finite-dimensional; such
braided vector spaces were classified by Heckenberger [H].

A second step is the following one: for each of these Nichols algebras, give a nice
presentation by generators a relations. In the present talk we give an answer to this
question, following [A]. We characterize convex orders on root systems associated to
finite Weyl groupoids and use a description of coideal subalgebras of Nichols algebras
[HS]. We describe then a set of relations using the PBW bases of [Kh].

We use such presentation to prove that every finite-dimensional pointed Hopf
algebra over C, whose group of group-like elements is abelian, is generated by its

group-like and skew-primitive elements, a conjecture due to Andruskiewitsch and
Schneider.
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

Fix the following setting
@ V vector space, dmV =6 < oo, X = {x1,...,xp} a basis,
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Fix the following setting
@ V vector space, dmV =6 < oo, X = {x1,...,xp} a basis,
o (ay) € ()<,
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x : 2% x 7% — k* Z-bilinear, x(aj, o)) = gj.
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Our problem
Weyl groupoid

Fix the following setting
@ V vector space, dmV =6 < oo, X = {x1,...,xp} a basis,

o (gy) € (k)74
@ «a1,...,qay the canonical basis of VAR

x : 2% x 7% — k* Z-bilinear, x(aj, o)) = gj.

e X = set of words with letters in X (a basis of T(V)).
o T(V)=®qcze T*(V), with Z%-graduation deg(x;) = ;.
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Introduction Nichols algebras of diagonal type

Our problem
Weyl groupoid

Fix the following setting

@ V vector space, dmV =6 < oo, X = {x1,...,xp} a basis,
(q5) € ()7,
@ «a1,...,qay the canonical basis of VAR

x : 2% x 7% — k* Z-bilinear, x(aj, o)) = gj.

e X = set of words with letters in X (a basis of T(V)).
o T(V)=®qcze T*(V), with Z%-graduation deg(x;) = ;.
@ Productin T(V)® T(V): a,b,c,d € T(V),

f = deg(b),y = deg(c),

(a®@ b)(c®d) = x(8,7)ac ® bd.
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Introduction Nichols algebras of diagonal type

Our problem
Weyl groupoid

Fix the following setting

@ V vector space, dmV =6 < oo, X = {x1,...,xp} a basis,
(q5) € ()7,
@ «a1,...,qay the canonical basis of VAR

x : 2% x 7% — k* Z-bilinear, x(aj, o)) = gj.

e X = set of words with letters in X (a basis of T(V)).
o T(V)=®qcze T*(V), with Z%-graduation deg(x;) = ;.
@ Productin T(V)® T(V): a,b,c,d € T(V),

f = deg(b),y = deg(c),

(a®@ b)(c®d) = x(8,7)ac ® bd.

e A: T(V)— T(V)® T(V) morfism of algebras defined by
A(X,') =x®1+1® x.
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Introduction Nichols algebras of diagonal type
Our problem
Weyl groupoid

Proposition (Lusztig, Andruskiewitsch-Schneider)

3 a unique bilinear form in T(V) such that

Vx, X" y,y' € T(V),1<i,j <0, a# peZC.
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Proposition (Lusztig, Andruskiewitsch-Schneider)

3 a unique bilinear form in T(V) such that
° (xlyy') = (Alx)ly ® '),
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Introduction Nichols algebras of diagonal type
Our problem
Weyl groupoid

Proposition (Lusztig, Andruskiewitsch-Schneider)

3 a unique bilinear form in T(V) such that
° (xlyy') = (Alx)ly ® '),
° (ly) = (X" @x|A(y)),

Vx, X" y,y' € T(V),1<i,j <0, a# peZC.
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Introduction Nichols algebras of diagonal type
Our problem
Weyl groupoid

Proposition (Lusztig, Andruskiewitsch-Schneider)

3 a unique bilinear form in T(V) such that
o (xlyy') =(A(x)ly ®y"),
° (xly) = (x"@x[A(y)),
o (xilxj) = dj,

Vx, X" y,y' € T(V),1<i,j <0, a# peZC.
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Introduction Nichols algebras of diagonal type
Our problem
Weyl groupoid

Proposition (Lusztig, Andruskiewitsch-Schneider)

3 a unique bilinear form in T(V) such that
° (xlyy') = (Alx)ly ® '),
° (ly) = (X" @x|A(y)),
o (xi|x;) = dj,
o (T(V)|TP(V)) =0,
Vx, X' y,y' € T(V), 1<i,j <0, a# el
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Introduction Nichols algebras of diagonal type

Our problem
Weyl groupoid

Proposition (Lusztig, Andruskiewitsch-Schneider)
3 a unique bilinear form in T(V) such that

° (xlyy') = (Alx)ly ® '),

° (ly) = (X" @x|A(y)),

o (xilxj) = dj,

o (T(V)|TP(V)) =0,
Vx, X' y,y' € T(V), 1<i,j <0, a# el

Definition

Z(V) radical of (|), an ideal of T(V). B(V):= T(V)/Z(V) is the
Nichols algebra asociated to the matrix (gj).

| \
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

Problem

Classify all the matrices (gjj)1<jj<o such that
dimB(V) < cc.
For each one of these Nichols algebras, give a minimal presentation by
generators and relations, and its dimension. ?

2N. Andruskiewitsch, Contemp. Math. 294, 1-57 (2002).
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

Problem

Classify all the matrices (gjj)1<jj<o such that
dimB(V) < cc.
For each one of these Nichols algebras, give a minimal presentation by
generators and relations, and its dimension. ?

2N. Andruskiewitsch, Contemp. Math. 294, 1-57 (2002).

Answer to the first question: I. Heckenberger, Classification of arithmetic
root systems, Adv. Math. 220 (2009) 59-124.
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

o B(V) Z%-graded: Hilbert series

Ho(vy = Z (dimB(V)o)x® € Z[[x, - - -, x0]], X® =Xt X0

aeNg
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Our problem
Weyl groupoid

o B(V) Z%-graded: Hilbert series

Ho(vy = Z (dimB(V)o)x® € Z[[x, - - -, x0]], X® =Xt X0

aeNg

o Kharchenko: 3 a basis PBW of $B(V), whose generators are
7%-homogeneous, h: T — NU {co}:
B(T,<,h):={tf..t&r:t1>...>t,t; € T,0< e < h(t;)}.
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

o B(V) Z%-graded: Hilbert series

Ho(vy = Z (dimB(V)o)x® € Z[[x, - - -, x0]], X® =Xt X0
aeNg

o Kharchenko: 3 a basis PBW of $B(V), whose generators are
7%-homogeneous, h: T — NU {co}:
B(T,<,h):={tf..t&r:t1>...>t,t; € T,0< e < h(t;)}.

o degt; = a € Z% h(t;) < oo, = h(t;) = ord(x(, ) =: N,.

o AY := {degrees of generators of a PBW basis of B(V/)}: it does
not depend on the PBW basis.
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

o B(V) Z%-graded: Hilbert series

Ho(vy = Z (dimB(V)o)x® € Z[[x, - - -, x0]], X® =Xt X0
aeNg

o Kharchenko: 3 a basis PBW of $B(V), whose generators are
7%-homogeneous, h: T — NU {co}:
B(T,<,h):={tf..t&r:t1>...>t,t; € T,0< e < h(t;)}.

o degt; = a € Z% h(t;) < oo, = h(t;) = ord(x(, ) =: N,.

o AY := {degrees of generators of a PBW basis of B(V/)}: it does
not depend on the PBW basis.

o AY root system:

_ H (1+Xa _’_X2a+'”_’_xa(Nu71)).
aEAK
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

—a; :=max{n: (adex;)"x; # 0} = max {n: a; + na; € AY},
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

—a; :=max{n: (adex;)"x; # 0} = max {n: a; + na; € AY},

Si € AUt(Ze)ﬂ si(aj) = aJ - a,'jO[,' (a,‘,' = 2)
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

—a; :=max{n: (adex;)"x; # 0} = max {n: a; + na; € AY},

Si € AUt(ZG)ﬂ 5,'(aj) = aJ - a,'jO[,' (a,‘,' = 2)

Proposition (Heckenberger)

dim V; =0, q,; = x(si(ax), si(®;)),

AK =5 (AK \ {a,-}) U{ai}.
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

—a; :=max{n: (adex;)"x; # 0} = max {n: a; + na; € AY},

Si € AUt(ZG)ﬂ 5,'(aj) = aJ - a,'jO[,' (a,‘,' = 2)

Proposition (Heckenberger)

dim V; =0, akj = X(Si(ak),si(aj))v
AK =5 (A_\: \ {a;}) U{ai}.

~~ Weyl groupoid: in some cases, s;(AY) = AV # AV,
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Our problem

Weyl groupoid

Weyl Groupoid and generalized root system (Heckenberger-Yamane):
set of objects X" (for us, a certain family of matrices (qj)),
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Our problem
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Weyl Groupoid and generalized root system (Heckenberger-Yamane):

set of objects X" (for us, a certain family of matrices (qj)),
o AX=AXU-AX, A, CN§(X€X),
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Our problem

Weyl groupoid

Weyl Groupoid and generalized root system (Heckenberger-Yamane):
set of objects X" (for us, a certain family of matrices (qj)),

o AX=AXU-AX, A, CN§(X€X),
@ symmetries s,-X, 1<i<6,
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Our problem

Weyl groupoid

Weyl Groupoid and generalized root system (Heckenberger-Yamane):
set of objects X" (for us, a certain family of matrices (qj)),

o AX=AXU-AX, A, CN§(X€X),
@ symmetries s,-X, 1<i<6,

o sX(aj) = — a,?j(a,-, a¥ =2, aff € —Np if i # J;
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

Definition

Weyl Groupoid and generalized root system (Heckenberger-Yamane):
set of objects X" (for us, a certain family of matrices (qj)),

o AX=AXU-AX AL CN§ (X ea),

@ symmetries s,-X, 1<i<6,

s¥(AY — {aj}) = AY — {a;}, if s¥ goes to Y.

o sX(aj) = — a,?j(a,-, a¥ =2, aff € —Np if i # J;
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

Definition

Weyl Groupoid and generalized root system (Heckenberger-Yamane):
set of objects X" (for us, a certain family of matrices (qj)),

o AX=AXU-AX AL CN§ (X ea),

@ symmetries s,-X, 1<i<6,

s¥(AY — {aj}) = AY — {a;}, if s¥ goes to Y.

o sX(aj) = — a,?j(a,-, a¥ =2, aff € —Np if i # J;

If X ={X} ~ classic root system + Weyl group.
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

Finite root system: AX finite for some (all) X € X, i.e. the groupoid is
finite ([HY]).
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

Finite root system: AX finite for some (all) X € X, i.e. the groupoid is
finite ([HY]).

lw)=min{k € N: Ji,...,ix € | such that w=s;, ---s; }.
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

Finite root system: AX finite for some (all) X € X, i.e. the groupoid is
finite ([HY]).

lw)=min{k € N: Ji,...,ix € | such that w=s;, ---s; }.

Proposition (Cuntz and Heckenberger)

is such that ¢(w) = m (reduced expression), then
B; =si s, (aj) € AX are positive and all different.

If w= ide,'l 5

Ivan Angiono Presentation of Nichols algebras



Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

Finite root system: AX finite for some (all) X € X, i.e. the groupoid is
finite ([HY]).

lw)=min{k € N: Ji,...,ix € | such that w=s;, ---s; }.

Proposition (Cuntz and Heckenberger)

is such that ¢(w) = m (reduced expression), then
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Introduction Nichols algebras of diagonal type
Our problem

Weyl groupoid

Finite root system: AX finite for some (all) X € X, i.e. the groupoid is
finite ([HY]).

lw)=min{lk e N: Ji,...,ix € | such that w=s;, ---s, }.

Proposition (Cuntz and Heckenberger)

is such that ¢(w) = m (reduced expression), then
B; =si s, (aj) € AX are positive and all different.

If w= ide,'l 5

There exists a unique wg of maximal length por any X € X, and so
{B;} = AX: all the roots are real and of multiplicity one.
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First result about a presentation

General presentation by generators and relations 5
Convex orders

k an algebraically closed field, chark = 0. Gy group of roots of unity
such that gV = 1.

Theorem (General presentation)

dim V =0, (q;) € (k*)?*? such that |AY| < co. B(V) is presented by
generators xi, ..., Xgp and relations:

Ivan Angiono Presentation of Nichols algebras



First result about a presentation

General presentation by generators and relations 5
Convex orders

k an algebraically closed field, chark = 0. Gy group of roots of unity
such that gV = 1.

Theorem (General presentation)

dim V =0, (q;) € (k*)?*? such that |AY| < co. B(V) is presented by
generators xi, ..., Xgp and relations:

@ x}" =0, BeAY Ns<oo,
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First result about a presentation

General presentation by generators and relations 5
Convex orders

k an algebraically closed field, chark = 0. Gy group of roots of unity
such that gV = 1.

Theorem (General presentation)
dim V =0, (q;) € (k*)?*? such that |AY| < co. B(V) is presented by
generators xi, ..., Xgp and relations:

@ x}" =0, BeAY Ns<oo,

Q [Xa,Xxs]. = Zdegu:a+5 ch 5 U, a < f,
u: elements of the PBW basis written in letters x,,a < v < f.
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First result about a presentation

General presentation by generators and relations 5
Convex orders

k an algebraically closed field, chark = 0. Gy group of roots of unity
such that gV = 1.

Theorem (General presentation)
dim V =0, (q;) € (k*)?*? such that |AY| < co. B(V) is presented by
generators xi, ..., Xgp and relations:

@ x}" =0, BeAY Ns<oo,

Q [Xa,Xxs]. = Zdegu:a+5 ch 5 U, a < f,
u: elements of the PBW basis written in letters x,,a < v < f.

Explicit formula for the coefficients ¢, ;.
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First result about a presentation

General presentation by generators and relations 5
Convex orders

k an algebraically closed field, chark = 0. Gy group of roots of unity
such that gV = 1.

Theorem (General presentation)
dim V =0, (q;) € (k*)?*? such that |AY| < co. B(V) is presented by
generators xi, ..., Xgp and relations:

@ x}" =0, BeAY Ns<oo,

Q [Xa,Xxs]. = Zdegu:a+5 ch 5 U, a< B, «—<«—
u: elements of the PBW basis written in letters x,,a < v < f.

Generalization of quantum Serre relations:

0= (adcx,-)l_a"ij = [x;, (adexi) ~ % xj]c.
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First result about a presentation
Convex orders

General presentation by generators and relations

w =idys;, -+ s;, € Hom(W, V) reduced expression:
o L,={aeAY wla)e AW}
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First result about a presentation
Convex orders

General presentation by generators and relations

w =idys;, -+ s;, € Hom(W, V) reduced expression:
o L,={aeAY wla)e AW}
@ order associated to s; - - - S,

aj < 5;1(04,'2) <. < S S;kfl(a,-k).
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First result about a presentation
Convex orders

General presentation by generators and relations

w =idys;, -+ s;, € Hom(W, V) reduced expression:
o L,={aeAY wla)e AW}
@ order associated to s; - - - S,

aj < 5;1(04,'2) <. < S S;kfl(a,-k).

Definition

A total order < en AK is convex if for each a, 8 € AT, a < 3,
a+pBeAT, itholdsa<a+p<8.

It is strongly convex if for each S =>"5; € AT, 1 < <--- < B, it
holds 81 < B < B,.
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First result about a presentation

General presentation by generators and relations
Convex orders

Given < on AY, the following statements are equivalent:

an Angiono Presentation of ols algebras



First result about a presentation

General presentation by generators and relations
Convex orders

Given < on AY, the following statements are equivalent:

@ the order is associated to an expression of the element of maximal
length of Hom(W, V),
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Given < on AY, the following statements are equivalent:

@ the order is associated to an expression of the element of maximal
length of Hom(W, V),

@ the order is strongly convex,
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First result about a presentation

General presentation by generators and relations
Convex orders

Given < on AY, the following statements are equivalent:

@ the order is associated to an expression of the element of maximal
length of Hom(W, V),

@ the order is strongly convex,

© the order is convex.
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First result about a presentation

General presentation by generators and relations
Convex orders

Given < on AY, the following statements are equivalent:

@ the order is associated to an expression of the element of maximal
length of Hom(W, V),

@ the order is strongly convex,

© the order is convex.

The order on Kharchenko's PBW generators is convex.
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First result about a presentation

General presentation by generators and relations
Convex orders

Given < on AY, the following statements are equivalent:

@ the order is associated to an expression of the element of maximal
length of Hom(W, V),

@ the order is strongly convex,

© the order is convex.

The order on Kharchenko's PBW generators is convex.

Proposition

The Kharchenko's PBW basis of B(V/) is orthogonal for (-|-).
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First result about a presentation
Convex orders

General presentation by generators and relations
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First result about a presentation

General presentation by generators and relations
Convex orders

e Fundamental step: clssification of coideal subalgebras of B(V'), with
a bijection with the Weyl groupoid presenving orders
(Heckenberger-Schneider).
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First result about a presentation

General presentation by generators and relations
Convex orders

e Fundamental step: clssification of coideal subalgebras of B(V'), with
a bijection with the Weyl groupoid presenving orders
(Heckenberger-Schneider).

o Finitely generated ideal.
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First result about a presentation

General presentation by generators and relations
Convex orders

e Fundamental step: clssification of coideal subalgebras of B(V'), with
a bijection with the Weyl groupoid presenving orders
(Heckenberger-Schneider).

o Finitely generated ideal.

@ Proof does not involve Heckenberger's classification.
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First result about a presentation

General presentation by generators and relations
Convex orders

e Fundamental step: clssification of coideal subalgebras of B(V'), with
a bijection with the Weyl groupoid presenving orders
(Heckenberger-Schneider).

o Finitely generated ideal.

@ Proof does not involve Heckenberger's classification.

o Key step to obtain a minimal presentation.
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Main Theorem
Consequences and details of proof

Minimal presentation Some explicit examples

Theorem (Minimal presentation)

(gi)i<ij<o, 0 =dimV, AY = {pi,..., Bu} finite. B(V) presented by
generators xi, ..., Xgp and relations:

X(;Va, a € O(x);
(adex;) ™t x;, apitt £ 1;
x,.N", i a non Cartan vertex;

: 2

if gii = gj;q;i = q;; = —1, ((adexi)x;)™;

if gj = =1, qqki = Gijqjiqkqr = 1, [(adexi)(adexj)xk, X 5

if qj = —1, giigjiqji € Gs, and also g € Gz or m;; > 3,

[(adex;)?x;, (adex;)x;] "
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Main Theorem
Consequences and details of proof

Minimal presentation Some explicit examples

Theorem (Minimal presentation)

if qi = +q;gji € Gs, qikqri = 1, and also —qj; = q;iqijqjqi; = 1 or
q; = 99 = k9K # —1,

[(adexi)?(adex;)xk, (adex;)x;] '
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Main Theorem
Consequences and details of proof

Minimal presentation Some explicit examples

Theorem (Minimal presentation)

if qi = +q;gji € Gs, qikqri = 1, and also —qj; = q;iqijqjqi; = 1 or
q; = 99 = k9K # —1,

[(adexi)?(adex;)xk, (adex;)x;] '
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Main Theorem

Consequences and details of proof
Minimal presentation Some explicit examples

Theorem (Minimal presentation)

if ql,',' = :|:q,'jqj,' € G3, qikqki = 1, and also —4qjj = qiqijqikqkj = 1 or
q; = 99 = k9K # —1,

[(adexi)® (adex;)xi, (adexi)x;]
if Gikqui, 9ijqji, Gk Grj 7 1,

1 — qjkqy

Xi, (adexi)xi] — adex;)xi, xi| . —aqii(1—qkiqjx )x;i(adex; ) Xk ;
[xi, (adex;)xe] . 96(L — qai) [( )%k Xj] .= qii (1= aki g ) x; ( )Xk
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Theorem (Minimal presentation)

if qi = +9;;qji € G3, qikqxi = 1, and also —qj; = qjiqiqjkqr; = 1 or
q; = 99 = k9K # —1,

[(adexi)?(adex;)xk, (adex;)x;] '

if Gikqui, 9ijqji, Gk Grj 7 1,

1— gwqu:
[, (adexg)x]  — ——2e 7 (adex) i =i (1= a1 (adexi)

qii(1 — qikqui
if i,j,k €{1,...,0} are such that
° gi = q; = —1, (591)* = (qqi) ", qikqui = 1, or

[[(adex;)x;, (adex;)(adexi)xe] . 5 X
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Theorem (Minimal presentation)

if qi = +9;;qji € G3, qikqxi = 1, and also —qj; = qjiqiqjkqr; = 1 or
q; = 99 = k9K # —1,

[(adexi)?(adex;)xk, (adex;)x;] '

if Gikqui, 9ijqji, Gk Grj 7 1,

1— gwqu:
[, (adexg)x]  — ——2e 7 (adex) i =i (1= a1 (adexi)

qii(1 — qikqui
if i,j,k €{1,...,0} are such that

° gi = q; = —1, (591)* = (qqi) ", qikqui = 1, or
® i = Gk = Qjkqx = —1, qi = —q;;qji € G3, qikqu =1, or

[[(adex;)x;, (adex;)(adexi)xe] . 5 X
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Theorem (Minimal presentation)

if qi = +9;;qji € G3, qikqxi = 1, and also —qj; = qjiqiqjkqr; = 1 or
q; = 99 = k9K # —1,

[(adexi)?(adex;)xk, (adex;)x;] '

if Gikqui, 9ijqji, Gk Grj 7 1,

1— gwqu:
[, (adexg)x]  — ——2e 7 (adex) i =i (1= a1 (adexi)

qii(1 — qikqui
if i,j,k €{1,...,0} are such that
o gi=q; = —1, (9;qi)* = (qax) ™", qiqui = 1, or
® gjj = qkk = qjkqkj = —1, gii = —q;iqji € G3, qikqui = 1, or
@ gi = qjj = g = —1, q;;q;i = qk;qjx € Gs, qikqri = 1, or

[[(adexi)x;, (adex;) (adexi)xe] . 5 X
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Theorem (Minimal presentation)

if ql,',' = :|:q,'jqj,' € G3, qikqki = 1, and also —4qjj = qiqijqikqkj = 1 or
q; = 99 = k9K # —1,

[(adexi)?(adex;)xk, (adex;)x;] '

if Gikqui, 9ijqji, Gk Grj 7 1,

1— guq:
[, (adexg)x]  — ——2e 7 (adex) i =i (1= a1 (adexi)

qii(1 — qikqui
if i,j,k €{1,...,0} are such that

o gi = q;j = —1, (959;1)* = (qjxqk) ~*, qikqui = 1, or

® gjj = qkk = qjkqkj = —1, gii = —q;iqji € G3, qikqui = 1, or

@ gi = q; = qk = —1, 9iiqji = qkiqx € G3, qikqii = 1, or

° i = quk = —1, qj = —qiiqik = (g;q;i) ™ € G3, qikqui = 1,
[[(adexi)xj, (adexi)(adexi)xil i
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Theorem (Minimal presentation)

if i = g5 = —1, (¢;9:1)® = (qkqx) ", qiqri = 1,
[[(adexi)x;, [(adexi)x;, (adexi)(adexi)xil ] o xi] i

@

if 95959 = 999k = L, (qk5qx)* = (qqu) ™' = qu, que = —1,
QikGrki = qiqii = qjiq; = 1,

[[[(adcxi)(adcxj)(adcxk)xh Xk, Xj} o Xk] o
if g = qij-lqj?l = gk 9K € Gs3,
[[(adexi)(adex)xes xi1. xi] .

if gj = qij_-lq;l = gjkqGxj € Ga,

[[[(adexi)(adexi)xk, X1, xi] 5 %] i
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Theorem (Minimal presentation)

Y= —qyqiqkai ¢ {—1,9;9}, quaqr =1,

[(adexi)x;, (adexi) (adex;)x], ;

if gii = =1, q;

if giq = 1, qii € Gs, q5q5i, quidix # G5
[(adexi)x;, (adexi)®xk] o
if —qii, —qjj, 9ii9ii qji, 9;i 9ji 9ij # 1.
(1 — q595) 95 [0, [(adexi )i, x]] . — (1 + a3)(1 — 959:195) ((adexi)x)°
if qj = —1, giiqijq;i ¢ Ge, and also mj; € {4,5}, or m; = 3, gii € G,
1 — 4i9iq5 — 939959
Ol = Ggema)iam

2

((adexi)?x) "

. [(adexs). (adexig] ]
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Theorem (Minimal presentation)

if 4aj + 30 ¢ AX, qjj = —1 or mj; > 2, and mj; > 3, or mj; = 2,
gii € Gg,
[X3o¢,-+2aj7 (adCXI')Xj]C;
if 3a; + 20 € AY, 50 + 30 ¢ AY, and q; 995, 91 q;qii # 1,
[(adCXI')2Xj7X3Oc,'+2aj]C;
if 4a; + 30{,’ € Aﬁ, 5a; +4aj ¢ Ai,
[X4a,-+3aj7 (achi)Xj]c;

if gj = —1, 5aj + 4aj € AX,

Bom e xaosn ]e — 2ot @)1= @i Q)1+ ¢+ gi*)gic”
aitajs Mai+3ojlc T i .
i J a ;45 30120,
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Andruskiewitsch-Schneider Conjecture: Any finite-dimensional
pointed Hopf algebra is generated by group-like and skew-primitive
elements.
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Andruskiewitsch-Schneider Conjecture: Any finite-dimensional
pointed Hopf algebra is generated by group-like and skew-primitive
elements.

True when G(H) is abelian.
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Andruskiewitsch-Schneider Conjecture: Any finite-dimensional
pointed Hopf algebra is generated by group-like and skew-primitive
elements.

True when G(H) is abelian.

That is, every f.d. pointed Hopf algebra over an abelian group is a
deformation of some B(V)#kT.
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Andruskiewitsch-Schneider Conjecture: Any finite-dimensional
pointed Hopf algebra is generated by group-like and skew-primitive
elements.

True when G(H) is abelian.

Problem: Obtain all the deformations (liftings) of H = B(V)#kIl, T
abelian, which are pointed Hopf algebras.
Work in progress: Andruskiewitsch - A. - Garcia Iglesias
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About the proof: use Lusztig's isomorphisms T; moving through the
Weyl groupoid (Heckenberger).
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About the proof: use Lusztig's isomorphisms T; moving through the
Weyl groupoid (Heckenberger).

U(x) = D(T(V, X)#Z%), U(x) = D(B(V,x)#Z°),

Ivan Angiono Presentation of Nichols algebras



Main Theorem
Consequences and details of proof

Minimal presentation Some explicit examples

About the proof: use Lusztig's isomorphisms T; moving through the
Weyl groupoid (Heckenberger).

U(x) = D(T(V,X)#Z°), U(x) = D(B(V, x)#Z°),

Ii(x) ideal generated by (ad.E;)'~%E;, (ad.F;)' 2 F; and/or EM', F¥,
depending on i,
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About the proof: use Lusztig's isomorphisms T; moving through the
Weyl groupoid (Heckenberger).

U(x) = D(T(V, x)#Z°), U(x) = D(B(V, x)#Z°),
Ii(x) ideal generated by (ad.E;)'~%E;, (ad.F;)' 2 F; and/or EM', F¥,
depending on i,

U(x)/hi(x) U(x)
U(six)/1i(six) U(six)
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About the proof: use Lusztig's isomorphisms T; moving through the
Weyl groupoid (Heckenberger).

U(x) = DBV, )#2"), BV, x) = T(V,x)/1(x),
I(x): enough relations to ensure the existence of all the isomorphisms.
Just does not contain the power root vectors.

U(x)/1(x) U(x) U(x)
T; T; T;
U(six)/1i(six) U(syx) U(sx)
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Generalized Dynkin diagrams (Heckenberger)
i qij

o o oW gjjqi =1
qji  qjj
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Generalized Dynkin diagrams (Heckenberger)
Qi qij . odi o g =1
( qji  qj > T
qijqji

ofi ———o%  gjjqji # 1.

Example (Matrices 'super’)

Type G(3): g € kX, ¢*,¢° # 1,
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Generalized Dynkin diagrams (Heckenberger)
Qi qij . odi o g =1
( qji  qj > T
qijqji

ofi ———o%  gjjqji # 1.

Example (Matrices 'super’)

Type G(3): g € kX, ¢*,¢° # 1,
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Generalized Dynkin diagrams (Heckenberger)
Qi qij . odi o g =1
( qji  qj > T
qijqji

ofi ———o%  gjjqji # 1.

Example (Matrices 'super’)
Type G(3): g € kX, ¢*,¢° # 1,

b
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Generalized Dynkin diagrams (Heckenberger)
Qi qij . odi o g =1
( qji  qj > T
qijqji

ofi ———o%  gjjqji # 1.

Example (Matrices 'super’)
Type G(3): g € kX, ¢*,¢° # 1,

=il 3 =8
(a) o7t LY P R , (b) o7t b o1 9 o7
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Generalized Dynkin diagrams (Heckenberger)
Qi qij . odi o g =1
( qji  qj > T
qijqji

ofi ———o%  gjjqji # 1.

Example (Matrices 'super’)
Type G(3): g € kX, ¢*,¢° # 1,

=il 3 =8
(a) o7t LY P R , (b) o7t b o1 9 o7

(c) o=t :
N
o9 a’ o1
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Generalized Dynkin diagrams (Heckenberger)
Qi qij . odi o g =1
( qji  qj > T
qijqji

ofi ———o%  gjjqji # 1.

Example (Matrices 'super’)
Type G(3): g € kX, ¢*,¢° # 1,

=il 3 =8
(a) o1 % e 1 o’ , (b) o1 9 -1 1 od’

(c) o=t :
N
o9 a’ o1

(d) 079 ——o 7t T —of.
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Generalized Dynkin diagrams (Heckenberger)
Qi qij . odi o g =1
( qji  qj > T
qijqji

ofi ———o%  gjjqji # 1.

Example (Matrices 'super’)
Type G(3): g € kX, ¢*,¢° # 1,

=il 3 =8
(a) o1 % e 1 o’ , (b) o1 9 -1 1 od’

(c) o=t :
N
o9 a’ o1

A # AL # AL # AL

(d) 079 ——o 7t T —of.
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Example (Super G(3))

(a) Admits a presentation by generators xq, xp, x3 and relations

x2 = xNe =0, a € AX N, #2,

(0%

(adcxz)le = (adex1)x3 = (adexo)*x3 = (ach3)2X2 =0.
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Example (Super G(3))

(a) Admits a presentation by generators xq, xp, x3 and relations

x2 = xNe =0, a € AX N, #2,

(0%

(adcxz)le = (adex1)x3 = (adexo)*x3 = (ach3)2X2 =0.
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Example (Super G(3))

(a) Admits a presentation by generators xq, xp, x3 and relations

x2 = xNe =0, a € AX N, #2,

(0%

(adcxz)le = (adex1)x3 = (adexo)*x3 = (ach3)2X2 =0.

Add too [[[(adcx;)(adex)xk, Xi]. 7xj]c ’Xj]c’ if g € Gy.
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Example (Super G(3))

(a) Admits a presentation by generators xq, xp, x3 and relations

x2 = xNe =0, a € AX N, #2,

(0%

(adcxz)le = (adex1)x3 = (adexo)*x3 = (ach3)2X2 =0.
Add too [[[(adcx;)(adex)xk, Xi]. 7xj]c ’Xj]c’ if g € Gy.
(b) Admits a presentation by generators xi, x2, x3 and relations

x2 =x2 = xVe =0, aeAX Ny #2,

(0%

[[(adcxl)xz, [(adcxl)xz, (adcxl)(adcxz)X3]c]c ,XQ] c (adCX3)2X2 = 0.

v
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Example (Strange type)

¢ root of unity of order 12.
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Example (Strange type)

¢ root of unity of order 12.
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Example (Strange type)

¢ root of unity of order 12.
(a) of® & o

)
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Example (Strange type)

¢ root of unity of order 12.
(a) o<8 ¢ OCS ’ (b) OCS I 1
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Example (Strange type)

¢ root of unity of order 12.

I S & R -~
() off = o1

(@]
o A?2 = {a1,201 + ap, a1 + ag, a1 + 209, an}.
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Example (Strange type)

¢ root of unity of order 12.
(a) o & ¢ , (b) of’ ¢ o1

9
(C) oCS ¢ o,

O Ai = {OZ1,2C¥1 + oo, 01 + g, 01 + 20&2,0[2}.
o si(a1) = —ay, si() = az + 2a;: 5(A?) = Ab.
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Example (Strange type)

¢ root of unity of order 12.
(@) o — o (b) o < o1
(c) o¢ S .

o Af ={ai1,201 + az,0q + ap, a1 + 200, s}

o si(a1) = —ay, si() = az + 2a;: 5(A?) = Ab.

° Ai = {1,201 + ao,3a1 + 20, 1 + ap, an}.
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Example (Strange type)

¢ root of unity of order 12.
¢ ¢ ¢ ¢
(a) o o<, (b) o 0
9
(C) OCS ¢ oml
o Af ={ai1,201 + az,0q + ap, a1 + 200, s}
o 51(011) = —qq, 51(052) = an + 207: Sl(Aa) = AP,

° Ai = {1,201 + ao,3a1 + 20, 1 + ap, an}.

o (1) =1 + az, () = —az: (AP) = A“.
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Example (Strange type)

¢ root of unity of order 12.
(a) o & ¢ , (b) of’ ¢ o1

9
(C) oCS ¢ o,

O Ai = {OZ1,2C¥1 + oo, 01 + g, 01 + 20&2,0[2}.
o si(a1) = —ay, si() = az + 2a;: 5(A?) = Ab.

Ag_ = {011,2041 + ap, 301 + 2an, a1 + OQ,OZQ}.

s2(a1) = a1 + a2, (az) = —az: (AP) = AC.

AS = {1,301 + az,2a;1 + oz, 00 + az, a3}
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Example (Strange type)

¢ root of unity of order 12.
¢ ¢ ¢ ¢
(a) o o<, (b) o 0
9
(C) OCS ¢ oml
o Af ={ai1,201 + az,0q + ap, a1 + 200, s}
o 51(011) = —qq, 51(052) = an + 207: Sl(Aa) = AP,

° Ai = {1,201 + ao,3a1 + 20, 1 + ap, an}.

o (1) =1 + az, () = —az: (AP) = A“.

° Ai = {a1,3a1 + ap, 207 + ap, q + Ozz,OQ}.

o si(a1) = —aq, si(az) = ap + 3ay: fixes AC.
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Example (Strange)

dim B (V) = 432.
(a) Admits a presentation by generators xi, x, and relations

1+ -¢Nan
X13 = Xg = zﬁ+a2 = [X1,Xa1+2a2]c + 1_ Cg X341+042 =0.
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Example (Strange)

dim B (V) = 432.
(a) Admits a presentation by generators xi, x, and relations

1+ -¢Nan
X13 = Xg = zﬁ+a2 = [X1,Xa1+2a2]c + 1_ Cg X341+042 =0.
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Example (Strange)

dim B (V) = 432.
(a) Admits a presentation by generators xi, x, and relations

1+ -¢Nan
X13 = Xg = Xz£+a2 = [X1,Xa1+2a2]c + 1_ Cg X341+042 =0.

(b) Admits a presentation by generators x;, x> and relations

3_ .2 _ 12 _ _
X1 = X2 = Xai4ap, = [X3a1+2a2axa1+042]c =0.
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Example (Strange)
dim B (V) = 432.
(a) Admits a presentation by generators xi, x, and relations

1+ - Na o
1— Cg a1taz

3 __ .3 __ 12 _
Xy =X = Xoqgtan — [Xlﬂ XO&1+2062]C +

=0.

(b) Admits a presentation by generators x;, x> and relations

3_ .2 _ 12 _ _
X1 = X2 = Xai4ap, = [X3a1+2a2axa1+042]c =0.

(c) Admits a presentation by generators x;, xo and relations

Xl12 = X22 = (adCX1)4X2 = [X2Ot1+0427X0t1+062]c =0.
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