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Almeŕıa, VIII Jornadas de Matemática Discreta y Algoŕıtmica, 2012
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Motivation




Lq(u) = f on F

u = g on δ(F )

vSn

vS1

vS2

vS3

xS
00

F

δ(F )
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Our objective

 Determine the Green function of a product network in terms of

Γ1 Green functions

Γ2 Schrödinger operator’s
eigenvalues and eigenfunctions

 Determine the Green function of a spider network in terms of

cycles Green functions

paths Schrödinger operator’s
eigenvalues and eigenfunctions
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Notations and basic results
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Notations and basic results

Γ = (V, c) network

F proper subset of V , δ(F ) boundary of F

L : C(F ) −→ C(F ) Laplacian of Γ u ∈ C(F )

x ∈ F  L(u)(x) =
∑

y∈F
c(x, y)

(
u(x)− u(y)

)

x ∈ δ(F )  L(u)(x) =
∑

y∈F
c(x, y)

(
u(x)− u(y)

)
=

∂u

∂nF

(x)

normal derivative
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Araúz, Carmona, Encinas (UPC) Green function on product networks Matemàtica Aplicada III dept. 7 / 41
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Notations and basic results

Lq(u) = L(u) + qu Schrödinger operator of Γ

ω ∈ C(F ) weight on F ⇔
∑

x∈F
ω2(x) = 1

qω = −ω−1L(ω) Potential given by ω

Lemma (Bendito, Carmona, Encinas 2005)

Lq positive definite on C(F ) ⇔ there exists a weight ω such that q ≥ qω

 We work with potentials of the form q = qω + λ, where λ > 0
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Product networks

Araúz, Carmona, Encinas (UPC) Green function on product networks Matemàtica Aplicada III dept. 9 / 41



Product networks

Γ1 Γ2
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Product networks

Γ1 Γ2

Γ1 × Γ2
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Product networks - vertices

Γ1 Γ2

Γ1 × Γ2

V (Γ1) = {x1
1, . . . , x

1
n}

V (Γ2) = {x2
1, . . . , x

2
m}
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Product networks - vertices

Γ1 Γ2

Γ1 × Γ2

V (Γ1) = {x1
1, . . . , x

1
n}

V (Γ2) = {x2
1, . . . , x

2
m}

x1
j x2

i

xji = (x1
j , x

2
i )

V (Γ1 × Γ2) = V (Γ1)× V (Γ2)
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Product networks - conductances

Γ1 Γ2

Γ1 × Γ2

c1’s

c2’s
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Product networks - conductances

Γ1 Γ2

Γ1 × Γ2

c1’s

c2’s

c =

c = c1’s

c2’s

c(xji, xlk) =





c1(x1
j , x

1
l ) if i = k

c2(x2
i , x

2
k) if l = j

0 otherwise
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Product networks - interior and boundary sets

Γ2

Γ1 × Γ2

x2
1

x2
m

F2

Γ1

F1
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Product networks - interior and boundary sets

Γ2

x2
1

x2
m

F2

Γ1

F1

Γ1 × Γ2

F

x11

x21 x31

x41

x1m

x2m x3m

x4m
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Product networks - interior and boundary sets

Γ2

x2
1

x2
m

F2

Γ1

F1

Γ1 × Γ2

F

x11

x21 x31

x41

x1m

x2m x3m

x4m

H1

Hm
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Product networks - functions

Γ1 Γ2

Γ1 × Γ2u1(x
1
j) = a

u2(x
2
i ) = b

u1 ∈ C(V (Γ1)) u2 ∈ C(V (Γ2))
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Product networks - functions

Γ1 Γ2

Γ1 × Γ2u1(x
1
j) = a

u2(x
2
i ) = b

(u1 ⊗ u2)(xji) =

u1 ∈ C(V (Γ1)) u2 ∈ C(V (Γ2))

= abu1(x1
j ) u2(x2

i )

u1 ⊗ u2 ∈ C(V (Γ1 × Γ2))
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Product networks - functions

Remark

Given two weights ω1 ∈ C(F1) and ω2 ∈ C(F 2) then

ω1 ⊗ ω2

is a weight on F .

〈·, ·〉ω2 : C(F 2)× C(F 2) −→ R inner product w. r. to ω2 ∈ C(F 2)

u2, v2 ∈ C(F 2)  〈u2, v2〉ω2 =

m∑

r=1

u2(x
2
r)v2(x

2
r)ω2(x

2
r)
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Product networks - eigenvalues on Γ2

Lemma

Given an orthonormal basis {φr}m−1r=2 on C(F2) w.r. to ω2 and f ∈ (F )
then

f =

m−1∑

r=2

fr ⊗ φr
(
fr(x

1
j ) =

m∑

s=1

f(xjs)φr(x
2
s)ω2(x

2
s) ∀x1j ∈ F1

)

In addition, f = g ⇔ fr = gr for all r = 2, . . . ,m− 1
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Product networks - eigenvalues on Γ2

Lemma (Bendito, Carmona, Encinas 2005)

There exists a set of real values λ2 ≤ . . . ≤ λm−1 and an orthonormal
basis {φr}m−1r=2 ⊂ C(F2) w.r. to ω2 s.t.

• L2qω2
(φr) = λrφr on F2 and φr(x

2
1) = φr(x

2
m) = 0

• µ ∈ R eigenvalue of L2qω2
⇒ µ = λr for some r ∈ {2, . . . ,m− 1}

• L2qω2
(v2) =

m−1∑

r=2

λr〈v2, φr〉ω2φr
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Green operator on product networks
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Green operator on product networks

ω1 weight on F1, ω2 weight on F 2

Γ1

the Green functions on Γ1

with respect to ω1

and a real positive value

we assume to know
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Green operator on product networks

ω1 weight on F1, ω2 weight on F 2

Γ1 Γ2

the Green functions on Γ1

with respect to ω1

and a real positive value

we assume to know

λ2 ≤ . . . ≤ λm−1 eigenvalues and

{φr}m−1
r=2 eigenfunctions of  L2

qω2
with

φr(x21) = φr(x2m) = 0 forming an

orthonormal basis on C(F2)
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Green operator on product networks

xlk ∈ F interior vertex of the product network

λ > 0 real value

Proposition (Bendito, Carmona, Encinas 2005)

The boundary-value problem on the product network




Lq(u) = εxlk

on F

u = 0 on δ(F )

has a unique solution, known as the Green operator with pole on xlk

u = Gq(εxlk
)
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Green operator on product networks

Gq(x, xlk) = Gq(εxlk
)(x) for all x ∈ F Green kernel

Proposition

The Schrödinger operator of the product network can be written in terms
of its factors as

Lq(u1 ⊗ u2)(xji) =
(
L1q1(u1)⊗ u2

)
(xji) +

(
u1 ⊗ L2qω2

(u2)
)

(xji)

where q = qω1⊗ω2 + λ and q1 = qω1 + λ
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Green operator on product networks

Theorem

The solution of problem




Lq(u) = εxlk

on F

u = 0 on δ(F )

is given by

u =

m−1∑

r=2

ur ⊗ φr on F

where ur(x
1
j ) = φr(x

2
k)ω2(x

2
k)G1

qr(x1j , x
1
l ) and qr = qω1 + λ+ λr

Therefore,

Gq(xji, xlk) = ω2(x
2
k)

m−1∑

r=2

φr(x
2
k)φr(x

2
i )G

1
qr(x1j , x

1
l )
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Spider networks
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Spider networks

xS
ji

radius j

circle i

circle 1

circle m̃

radius n
radius 1

radius 2

radius 3

vSn

vS1

vS2

vS3

vSj = xS

j m̃+1
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Spider networks

xS
ji

radius j

circle i

circle 1

circle m̃

radius n
radius 1

radius 2

radius 3

xS
12

xS

2m̃

xS
22

xS

nm̃

xS
n2xn3

identification of all the vertices of H1

removal of all the boundary edges,

x11x21xn1
xS
00

product network spider network

x2m

x1m

xnm

vS1
vS2vSn

vSn

vS1

vS2

vS3

vSj = xS

j m̃+1

xS

1m̃xnm−1
x1m−1

x2m−1

x23

x13
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Spider networks - interior and boundary

vSn

vS1

vS2

vS3

xS
00

F

δ(F )
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Spider networks - conductances and functions

vSn

vS1

vS2

vS3

xS
00

conductances remain
the same

as in the product
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Spider networks - conductances and functions

vSn

vS1

vS2

vS3

xS
00

a function uS ∈ C(F S) on the spider

on the product by taking the same

can be adapted as a function u ∈ C(F )

values on F \ {xS
00} and

u(xj1) = uS(x
S
00) on H1
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Spider networks - conductances and functions

vSn

vS1

vS2

vS3

xS
00

a function uS ∈ C(F S) on the spider

on the product by taking the same

can be adapted as a function u ∈ C(F )

values on F \ {xS00} and

u(xj1) = uS(x
S
00) on H1

a weight ωS in F S

does not adapt as a

weight on the product!

We take σ s. t.

ω = σ−1ω on F

is a weight on the product

Araúz, Carmona, Encinas (UPC) Green function on product networks Matemàtica Aplicada III dept. 36 / 41



Green operator on spider networks
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Green operator on spider networks

ωS weight on FS , λ > 0 real value

Proposition

Schrödinger operator in terms of a product network

LS
qS (uS) = Lq(u) on FS \ {xS00}

LS
qS (uS)(xS00) =

(
λ+ 1

ω(x11)

n∑
t=1

c(xt1, xt2)ω(xt2)

)
u(x11)

−
n∑

t=1

c(xt1, xt2)u(xt2)

where qS = qωS + λ and q = qω + λ
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Green operator on spider networks

xSlk ∈ FS interior vertex of the spider network

Proposition

The boundary-value problem on the spider network




LSqS (uS) = εxS

lk
on FS

uS = 0 on δ(FS)

has a unique solution, known as the Green operator of the spider network
with pole on xlk

uS = GSqS (εxS
lk

)
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Green operator on spider networks

xSlk ∈ FS interior vertex of the spider network

Proposition

The boundary-value problem on the spider network




LSqS (uS) = εxS

lk
on FS

uS = 0 on δ(FS)

It is given by

uS = Gq(vχF ) + α

n∑

t=1

c(xt1, xt2)Gq(εxt2) + αχH1

on FS , where α is a constant.
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Gracias!
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